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ABSTRACT

In this thesis, we study the problem of network implementable controllers for network
distributed systems. Network distributed control problem gains importance by the increase
in networked system applications in many areas which require network distributed control
and estimation. By network implementable controller, we mean controller can be imple-
mented over the given network with the predefined/given delay and sparsity constraints.

We define all stabilizing controllers by re-interpreting plant and controller. We define
a congruent stable plant of the original plant which is not necessarily stable, such that
the controller of the congruent plant is linearly function of the original plant’s controller.
When we put structural constraints on all stabilizing controllers of the stable congruent
plant, these controllers embody controllers of the main plant. Therefore, all stabilizing
controllers of the original plant are defined as all stabilizing controllers of the congruent
plant with structural constraints. In the view of this problem, we obtain all stabilizing
controller parametrization of the original plant wherein equality constraints are introduced
on the Youla parameter. Moreover, we define a necessary and sufficient problem to attain
a controller in the form of norm minimization problem benefiting formulated all stabilizing
controller parametrization and provide a solution method for it.

Moreover, we introduce a doubly-coprime factorization of blkdiag(l,,, K') which allows
us to have a network implementable state-space realization of a structured controller, K,
which inherits sparsity and delay constraints introduced by the given network in z-domain,
of a network distributed system with order n,. By network implementable state-space re-
alization, we mean state-space realization can be expressed as a strictly causal interaction
of some sub-systems over the given network. We call such structured controllers as network

realizable controller, i.e. controllers whose network implementable state-space realization
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can be obtained. Moreover, using the formulated controller problem, we provide a network
realizable controller problem by introducing sparsity and delay constraints on the Youla
parameter. Introduced network realizable controller problem is in the form of norm mini-
mization problem with structural constraints introduced on Youla parameter. Afterwards,
we obtain its equivalent unconstrained network realizable controller problem which allows
us to attain a solution in infinite dimensional space benefiting existing solution methods of
Ho problem.

Moreover, we define a model matching problem and present an optimal network realiz-
able controller problem. The formulated optimal network realizable controller problem is a
constrained problem. To obtain an unconstrained problem formulation, we define a relax-
ation by a Lagrange multiplier and benefit from the vectorization method introduced in the
literature. Formulated unconstrained problem allows us to obtain a solution using exist-
ing solution methods wherein solution lies in infinite dimensional space. Once the optimal
network realizable controller is obtained, we obtain a network implementable state-space
realization of it using the method we have introduced.

Furthermore, we provide an alternative all stabilizing network realizable controller
parametrization benefiting existing Youla parametrization which requires to have an ini-
tial controller. We show that when the given initial controller is network realizable, one can
parametrize all stabilizing network realizable controllers with a network realizable Youla
parameter. Moreover, we introduce network realizable controllers in the form of delayed
controllers for strongly connected networked plants which allow us to parametrize all sta-
bilizing network realizable controllers with the Youla parametrization aforementioned. We
derive a model matching problem and define a necessary and sufficient optimal network real-
izable controller problem as a function of initial network realizable controller with sparsity
and delay constraints introduced on Youla parameter. Moreover, we provide its equiva-
lent unconstrained problem benefiting vectorization method wherein a solution in infinite

dimensional space can be obtained benefiting existing solution methods.
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CHAPTER 1. INTRODUCTION

With the increase in size of network systems, their topological constraints and commu-
nication limitations bring challenges in network control problems. The networked system
can be very large, so that communicating with the whole network could be cumbersome,
or communication restrictions may exist in the network. In the platooning of cars, network
distributed heating systems, network distributed controllers has started to gain importance
due to large network sizes.

In this thesis, we are interested in solving optimal network distributed controller problem
with necessary and sufficient conditions in infinite dimensional space and further obtaining
a network implementable state-space realization of it over the given network. There exist
numerous studies on design of network distributed controllers which impose network con-
straints on the controller transfer functions. Some of these works can be given as network
distributed controllers for spatially invariant systems [2], [6], [41], systems with triangu-
lar and band structures [42]-[30], symmetrically interconnected systems [14], dynamically
coupled systems [10], poset causal systems [35], and in the case of plant and controller
structures satisfying quadratic invariance property [23], [33].

Furthermore, optimal state-feedback controller for network distributed systems have
been formulated in [24] by utilizing ADMM method. In the work of [34], decentralized
controllers have been designed using LMI approach. In [22], network distributed controllers
have been designed for systems interconnected over an arbitrary graph using distributed
LMIs which achieve a H, performance. In [25] and [13], network distributed controllers

have been studied for heterogeneous and heterogeneous linear parameter varying systems,
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respectively. In [25], a network distributed controller problem for heterogeneous dynamically
coupled systems has been provided, based on Ly gain performance using bilinear matrix
inequalities. In [13], network distributed linear parameter varying (LPV) controllers for the
control of heterogeneous LPV systems have been shown. Additionally, there exist network
distributed controller design problems which utilize the LMIs by involving the state-space
parameters of the plants and controllers [26, 36]. Networked distributed control for identical
dynamically coupled systems has been analyzed in [26]. In the work of [9], a sequential
convex problem has been formulated to find sparse Ho optimal state-feedback controllers.
Moreover, for positive systems, a network distributed controller problem is designed in [32].
Moreover, a model based network distributed controller has been obtained starting with
network realizable dynamic state feedback controller and dynamic observer in [29].

To address the limited amount of local information in network distributed systems,
various network distributed design methods have been formulated to have a stabilizing
network distributed controllers. [12, 11] have studied the model predictive control using
gradients method and control Lyapunov functions. [31] solves the minimization problem
using dynamic dual decomposition which allows networked systems to solve the problem in a
network distributed fashion; however, it does not guarantee stability for network distributed
network problems. Moreover, [7] develops a state-feedback controller for continuous systems
based on a gradient method which solves the infinite horizon linear quadratic cost functional
reformulated by a terminal cost term where the systems are assumed to be stabilizable by a
diagonal state feedback controller. In [20], a distributed LMI problem has been formulated
to have full order network distributed controllers in a distributed fashion.

In literature, optimal network implementable controllers have been studied with suffi-
ciency conditions benefiting existing Youla parametrization [1]. Furthermore, [43] provides
an optimal control problem which can be solved in a convex way without depending on
well-known Youla parametrization. A potential drawback is that stabilization is posed as

infinite dimensional constraints with not know a priory finite support solution. To the au-
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thors’ knowledge, necessary and sufficient conditions for network implementable Ho optimal
controller problem to have a solution in infinite-dimensional space has not been studied so
far.

Existing all stabilizing controller parameterizations require to have either doubly co-
prime factorization of plants or to have an initial output feedback controller. To refrain
from this prerequirements, in chapter 3, we obtain all stabilizing controller parameterization
with constraints introducd on Youla parameter. All stabilizing controller problem is well
studied problem in the literature. Internally stabilizing controller for linear systems have
been parametrized by well-known Youla parameter [44] which has showed that closed loop
response can be shaped by a stable parameter. Afterwards, a closed loop parametrization
for discrete time systems have been shown in [18]. Later, various all stabilizing controller
problems have been formulated benefiting affine Youla parameter to achieve various spec-
ifications. Achievable closed loop maps has been parametrized using stable factorizations
in [39]. State-space formulas has been derived in [8] for all stabilizing controllers solving
standard Ho, and Ho problems. Moreover, all stabilizing controller parametrization has
been provided using doubly-coprime factorization of plant in [5] wherein the closed loop
optimization is also addressed. In [27], all stabilizing controllers has been parametrized
as a function of an initial output feedback controller. Set of all H, controllers explicitly
parametrized in the state-space using solutions of linear matrix inequalities [16]. Moreover,
[3] utilizes linear matrix inequalities to obtain output feedback controllers with Ho, and Ho
performances. Nonlinear state-feedback Ho, controllers and internally stabilizing optimal
controllers for nonlinear systems have been presented in [38] and [15], respectively. Fur-
thermore, [43] provides an optimal control problem which can be solved in a convex way
without depending on well-known Youla parametrization.

We formulate all stabilizing controller problem by interpreting plant and controller from
a different perspective. We define a congruent plant of any stable/unstable plant, P, as P

which is stable, such that it is defined from [i”;u”]T to [07;4T]" and when input channel-i
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connects with output-channel-o with a unity feedback, map from u to y is equivalent to
Pso. Therefore, we define a controller of P as K = blkdiag(I,,, K), where K stabilizes P
and n, is the order of the plant. Since P is stable, all stabilizing controllers of congruent
plant can be parametrized with a stable Q as K = —Q(I — PQ)~! such that K is in
the form of blkdiag(I,,, K) where K stabilizes P. By regarding these, we parametrize all
stabilizing controllers benefiting all stabilizing controller parametrization of stable plant
and by introducing constraints on Youla parameter such that the controller of congruent
plant yields a controller structured as blkdiag(I,,, K), which equivalently brings in the
controller of original plant as K. The formulated all stabilizing controller parametrization
does not require to have an initial controller or doubly-coprime factorization of plant unlike
the well-known all stabilizing controller parametrization.

All stabilizing controller parametrization has been formulated with equality constraints,
instead of solving for a feasible solution for these equality constraints in finite dimensional
space, we define a necessary and sufficient controller problem by subjecting these equality
constraints to norm minimization to be able to define and solve the controller problem
in infinite dimensional space. We further define an equivalent stabilization problem by
benefiting orthogonal spaces where the number of variables and equations necessary to
solve are reduced. Moreover, we provide a two-step solution procedure for unconstrained
controller problem which can be solved as a classical Hs problem wherein the solution lies
in infinite dimensional space.

By network implementable system, we mean a system with network implementable state-
space realization which can be expressed as a strictly causal interaction of some sub-systems
over the given network. Moreover, by network realizable system we mean a system whose
network implementable state-space realization can be obtained. Obtained all stabilizing
controller parametrization allows us also to attain doubly-coprime factorization of K =
blkdiag(1,,, K) where K is a controller of the given plant such that when the controller

inherits the delay and sparsity constraints of the graph, then coprime factors of K also
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inherits these sparsity and delay constraints. In literature, there exists a method to have
network implementable state-space realization of a given stable structured system which
inherits the network’s sparsity and delay constraints of the graph [1]. Therefore, since
coprime factors are stable by definition, they can be called as network realizable system
when they inherit the sparsity and delay constraints of the given graph and their network
implementable state space realizations can be obtained by the method introduced in [1].
Having network implementable state-space realization of coprimes of blkdiag(7,,,, K) allows
us to attain network implementable state-space realization of such structured controllers,
i.e. controllers which inherit sparsity and delay constraints of the given network, as it will
be shown in chapter 4. Capability to have network implementable state-space realization of
such structured controllers allows us to define the network realizable controllers. Moreover,
the formulated technique to attain network implementable state-space realization of network
realizable controllers allows us to obtain network implementable controllers with fewer order
with respect to the other realization methods as it will be shown in the section of numerical
examples (see chapter 8).

By benefiting the formulated stabilization problem formulated in chapter 3, we formulate
the necessary and sufficient network distributed controller problem in chapter 5 by intro-
ducing sparsity delay constraints on Youla parameter. By benefiting vectorization method
as shown in [37], we define the equivalent unconstrained controller problem which can be
solved using existing solution techniques to attain a solution in infinite dimensional space.

One of the main objective of this work is solving optimal network realizable controller
problem for any networked system in infinite dimensional space. We provide a model
matching problem affine in @ and define an optimal network realizable controller problem
with necessary and sufficiency conditions benefiting the formulated all stabilizing network
realizable controller parametrization. The provided optimal network realizable controller
problem is a constrained problem, therefore, by benefiting a Lagrange multiplier and vec-

torization method, we provide an unconstrained optimal network realizable control problem
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which can be solved using existing solution methods. Our main difference from classical
optimal control problems is that our problem formulation has been defined with necessary
and sufficient conditions and does not require to have an initial stabilizing controller or
doubly coprime factorization of plant.

In chapter 7, we provide an alternative way to parametrize all stabilizing network dis-
tributed controllers. We benefit from the all stabilizing controller parametrization defined
for parallel systems which are controller and plant itself, since there exist a doubly co-
prime factorization of those parallel systems as shown in [40]. After parameterizing the
all stabilizing controllers for parallel plants, one can obtain the all stabilizing controller
parametrization for the plant by feedback interconnection of initial stabilizing controller
and the all stabilizing controller parametrization for parallel systems [27]. Bezout identity
elements that satisfy the doubly coprime factorization of parallel plants: initial stabilizing
controller and plant, obey the network structure when the initial stabilizing controller is
network realizable. Therefore, we are able to define the network realizable all stabilizing
controllers using an initial network realizable controller and a network realizable Youla-
parameter. We obtain a model matching problem to have input to output map affine in
Youla parameter. By using this model matching problem, we define optimal network real-
izable controller problem as a function of a network realizable controller. Furthermore, we
benefit from the vectorization technique shown in [37] to be able to solve the optimal con-
troller problem as an unconstrained problem benefiting existing solution methods wherein
solution lies in infinite dimensional space.

The outline of this thesis is as follows: Chapter 2 presents the problem formulation
and introduces some notation which will be used throughout the paper. In chapter 3, an
all stabilizing controller parametrization has been formulated, moreover, we formulate a
necessary and sufficient controller problem wherein a solution can be obtained in infinite
dimensional space. In chapter 4, a doubly-coprime factorization of controller has been

introduced which allows to have network implementable state-space realization of network
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distributed controllers in reduced order which is one of the main contribution of this paper.
Furthermore, in chapter 5, a necessary and sufficient network realizable controller problem
has been formulated for any network distributed system as an unconstrained problem which
can be solved using existing solution methods wherein solution lies in infinite dimensional
space. Moreover, optimal network realizable controller problem has been formulated in
chapter 6. In chapter 7, we provide an alternative way to parametrize all stabilizing network
distributed controllers benefiting existing all stabilizing controller parametrization. Finally,

the work ends with two numerical examples and comparisons with the existing optimal

controller problems.
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CHAPTER 2. PRELIMINARIES AND DEFINITIONS

In this chapter, we will give definitions that will be used throughout this work. Also,

we will provide theorems that we will benefit to derive our results.

2.1 General Notation

In this section we will provide general notation that will be used throughout this work.

Let vert[z;];cr and hor|z;);c1 denote for vertical and horizontal concatenation of vectors
or matrices {z;};c1 of appropriate dimension, where I is an index set. Let [x;;]; je1 represent
a matrix formed by arranging the sub-matrices {z;;};; as vert[hor|z;;];ci]ic1. Moreover,
diag[x;];er denotes the block diagonal matrix formed by matrices {z;}icz.

Feedback interconnection of P and K is represented with 1ft(P, K'). Moreover, B} and
CZ implies Moore-Penrose inverse of B, and C,, such that BuB};Bu = B, and CyCJCy = Cy.
When B, has linearly independent columns, then BJ, can be given as Bl = (BI'B,)~'BL.
Moreover, when C, has linearly independent rows than its pseudo inverse can be given
as CJ = C’;f (Cng )~!. Furthermore, we use blkdiag(Ai, A3) to define a block diagonal

A 0

matrix constructed with its input arguments such that .
0 Ay

If Ae R™*™ and B € RP*4, the Kronecker product A ® B € R™P*" ig defined as

AnB ... A.B
AR B :=

AmB ... Au.B
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Given a matrix A = |gq;,...,a,| € C™*", where {a;}; denote the columns of A, we

associate a vector vec(A) = vert [ai] € C™" which is a vector formed by vertically
i

concatenating the columns of matrix A. Define vec™!(-) as the inverse operation of the

vec(-) such that vec™!(vec(A4)) = A. When required, we shall use I for an identity matrix

and 0 for a zero matrix of appropriate size.

2.2 System Theory

A system P is represented by a quadruple (4, B,C, D) or

P xz(k+1) _ A B |z(k) | 2.1)

y(k) C D] |u(k)

in terms of its state-space matrices A, B C and D; and state, input and output vectors z(k),
u(k) and y(k), respectively. A state-space representation (A, B,C, D) is asymptotically
stable if A is Schur stable. (A, B,C, D) is said to be stabilizable if |,] — A B| has full

zI— A
rank for any z € C with z > |1|. (A, B,C, D) is said to be detectable if has full
C

rank for any z € C with z > [1].
Given a state-space representation (A, B, C, D), the transfer function matrix correspond-

ing to the system P is given by the z—transform of its impulse response

P(z) :=tf(P) :== D + i 2Rl AR B, (2.2)
k=0

For given two systems G and K in terms of their state-space representations

a:(k—l—l) A B By
x(k) xK(k—i-l) AK BK .TK(]{?)
G: Z(k)) = |C1 D11 Do , K: = s
u(k) u(k) Cx Dkl | y(k)
y(k) 02 D21 0
(2.3)
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the lower linear fractional transformation (LFT) of G and K is given by the Redheffer

star-product

(L’(k + 1) A+ ByDgCy ByCgk By + BsDg Do (L‘(k)
lft(G, K) : l‘K(k) = BrCy Ay Br Do mK(k)
2(k) C1+ D12DgCy D13Cx  Dy1+ D1aDg Doy | | w(k)

(2.4)
When these two systems are given in terms of their transfer function matrices G(z) and

w(k) z(k)
K (z) where G(z) is the mapping from to while K(z) is the mapping from

u(k) y(k)
y(k) to u(k), we can partition the transfer function matrix G(z) in terms G11(k), G12(z2),

Go1(2z) and Gaa(z) as
G(z) — Gn(z) Glg(z) ’
G21(Z) ng(z)
where Gaa(2) is the mapping from u(k) to y(k). Then the LFT of G(z) and K(z) is given
by

1ft(G(2), K(2)) := G11(2) + G12(2) K (2)(I — G2 (2) K (2)) "1 G21(2).

when D matrix of Gag is zero, i.e. Gaa(z) is strictly proper.

A discrete-time system is called as bounded-input bounded-output (BIBO) stable, if the
impulse response of the system is absolutely summable. A system G is BIBO stable if and
only if all the poles of its transfer function matrix G(z) are inside the unit circle. A discrete-
time system G with a state-space representation (A, B,C, D) is called as internally stable
or asymptotically stable if A is Schur-stable. If G = (A, B,C, D) is asymptotically stable,
then tf(G) is BIBO stable, but not vice versa. We say that a system K is a controller of G
or K internally stabilizes G if Ift(G, K) is asymptotically stable.

For a given discrete-time system G, Ha norm of the system can be given as

IG@IE =5 [ erlcEn)e @)

—T
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wherein G(z) is the transfer function matrix of G. If a state-space realization of G is given

by (A, B,C, D), then Hs norm of G can be given as
IGI13 = tr(DDT + CM.CT),

where M, > 0 is the controllability grammian that solves the discrete-time Lyapunov equa-
tion

AM, AT — M, + BBT =o. (2.5)

Moreover, solution of equation (2.5) can be given as
o0
M. =Y A*BBT(AT)*,
k=0

Moreover, RH o, denotes the set of real-rational proper stable transfer function matrices.

2.3 Network Distributed Systems

In this section, we will introduce network distributed systems and will provide a general

representation of them.

Definition 1. A group of subsystems interacting over a communication network is defined

as a networked or distributed or an interconnected system. [1]

Figure 2.1 is an example of a network distributed system, which consists of network
distributed plants and their controller units.

Consider n sub-systems {P; }ic(1,.. n} interacting over a network represented by directed
pseudograph G = (V,&) with the sub-systems at its vertices and communication links
corresponding to the edges. Edge set can be defined as (i, ) € £ which denotes that there
is an edge between P; and P;. Directed neighborhood index sets for each node P; are
N ={jl(,9) € E}, Nt = {3|(3,5) € E} and N; = {j[(j, i) € EV (5,5) € E} = N7 UNT,

where N, and /\/’;r are incoming and outgoing neighbor sets of node P;, respectively.
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P1 P3 P5
i i i
K,

Figure 2.1 An example of a distributed system which consists of 6 sub-systems and their
controller units interacting over a causal network.

For a given graph G = (V, &), the unique binary matrices can be defined as in the

following
1 ifi=jor(ij) €&
[AG)]i; = (2.6)
0 else.
g g
G g

We use G” to define 1,, ® G, for instance G2 =

Definition 2. A directed graph is strongly connected if there is a path from every node to

every other node.

In this work, we will come across with block matrices that are made up of smaller sub-
matrices. These matrices are best described in terms of their sparsity structures. We say a
block matrix A = [Ajj]; je(1,.. 0} is structured according to an n x n binary matrix J if the
sub-matrices A;; is a zero matrix whenever J;; = 0. The dimensions of the sub-matrices
{Aij;}i; are described using two integer-valued vectors as follows. Let P, = (a1, ..., a,) and
Py = (b1, ...,b,) be two n-tuples with a; and b; being integers for all « € {1,...,n}. Then,
matrix A is said to be partitioned according to (P,, Pp) if the sub-matrix A;; has dimensions

a; X b; Vi, 7. This definition of partitioning can be easily extended to the case of vectors, too.
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A vector z is said to be partitioned according to P, if it can be written as vert [mi]ie{l,...,n}
where z; is a real vector of size a; for all i € {1,...,n}. We say that P, is the partition for

the vector x.

Definition 3. Given an n x n binary matriz J and n—tuples P, Py, S(J, Pa, Py) denotes

the set of matrices that are partitioned according to (Pg, Py) and structured according to J.

For example, according to the above definition, the following matrix

12 3]0 0

0
211 1/0 0 0
(2.7)

0

0|1 3|12 2 1

1 10
belongs to set A € S(J, Py, Pp) wherein J = |1 1 0}, Poa=(1,2,1) and P, = (1,2, 3).

01 1
Let each subsystem P; be a discrete-time causal finite-dimensional linear time invariant

system. State space equations of each stable subsystem P; can be given as

wi(k+1) = Aya;(k) + BPwi(k) + Blui(k) + > nggj(k)

JEN
zi(k) = Chwi(k) + D" wi(k) + DPui(k) + > Dis¢i(k
JENT (2.8)
yi(k) = Clwi(k) + DY wi(k) + Y D¢k
JEN

nri = Clhai(k), Vr € Ni©
where z;(k), wi(k), ui(k), z;(k) and y;(k), nri(k), and (k) denote the local state, local
exogenous input, local control input, local regulated output, local measurement output
vectors, local outputs to the network, and local inputs from the network corresponding to
a networked subsystem P;, respectively. For a given network G, incoming message vectors

at each node are given by

Gij(k) = miz(k), V(vj,vi) € E (2.9)
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y1<k>‘ y2<k>‘ y3<k>‘

N n21 (k) G (k) n n32 (k) Ga2(k) Ps

ma (k) C12(k)
’U,l(k)‘ ’UQ(k)‘ ’11,3([6)‘

Figure 2.2 A simple example of an interconnected system made of 3 different sub-systems.

Definition 4. Networked systems given by (2.8) and (2.9) are denoted as strictly causal

interaction of subsystems over a given network G.

Combining (2.8) and (2.9), network inputs and outputs can be eliminated to have the

state-space equations for the subsystems as

vi(k + 1) = Aywi(k) + > Aga;(k) + Bjwi(k) + Bjui(k)
JENT
zi(k) = Z )+ D w;(k) + D"u;(k) (2.10)
JEN;
yi(k) = Clhai(k) + > Clhaj(k) + DY wi(k)
JEN;
where A;; := ij Cl, Cf = DZCC”7 and C}; = DyCC” . General networked system P can
be given as
z(k+1) A By By | |x(k)
y(k) Cy Dyw O U(k)
where A := [Aj];;, C. := [Cfli; and Cy := [C}];; are structured according to A(G),

while B, := diag[BY]:, B. := diag[B);, Ds = diag[D#*);, D, := diag[D7]; and
Dy, := diag[D}"]; have a block diagonal structure.

For the given interconnected system in figure 2.2 consists of 3 sub-systems,

A e S(AG), Py, Ps), Cy € S(A(G),Py,Ps) and C. € S(A(G),P-,P;) matrices can be
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A1 Ap 0 Clziy Clzéy 0
A= Ag1 Ao 0| Cz,y = C;iy C;éy 0 ) (2'12)
0 Az Ass 0 oy oy

Moreover, By, € S(I, Py, Pw), By € S(I, Pz, Pu), Dow € S(I, Pz, Pw)y Dz € S(I, P, Pu)

and Dy, € S(I, Py, Py) matrices can be given as follows

B}U’u 0 0 Diw,zu,yw 0 0
Bw,u = 0 B;U’u 0 s Dzw,zu,yw = 0 D;w,zu,yw 0 . (2'13)
0 0 B;)u,u 0 0 Dgw,zu,yw

Definition 5. [37] Given a digraph G = (V,E) with n vertices and n tuples Py, Py and Py;
let A(G) be the unique binary matriz as defined in equation (2.6). We define T(G, Py, Pu)
as the set of transfer function matrices, and &(G, Py, Py, Py) as the set of state-spaces with
a state-space realization (A, By, Cy, Dy,,) such that A € S(A(G), Py, Pz), By € S(I, Pz, Pu),
Cy € S(A(G), Py, Pz) and Dy, € S(I, Py, Py), where I is identity matriz and sets belong to

S(I,-,-) are block diagonal.

For A € S(A(G), Pz, Pz), By € S(I,Py,Pu), Cy € S(A(G), Py, P;) matrices given as in
(2.12) and (2.13) and Dy, € S(I, Py, Pu), plant Pay = ss(A, By, Cy, Dyy) € &(G, Py, Py, Pu)
has the following structure in z-domain

PE(z)  27'PE(z) 0
Po(2) = |27'Pi(2)  PE() 0 |, (2.14)
2 PPR(z) 2P (2) PE(2)
where P%z for {i,j} € {1,2,3} are casual systems and we have Py (2) € T(G, Py, Py). As it
can be noticed from Psa(z), since the length of path from node-1 to node-2 is one, we observe
one delay in front of P#2(z), similarly since the length of path from node-1 to node-3 is two,
we observe two delays in front of P2?(z) and so on. Moreover, since there is no directed

path from node-3 to node-1 and node-2, we have zero entries on the places of P%(z) and
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Theorem 1. [37, Theorem 1] Given a digraph G = (V, &) and n tuple P, and P,.

1. Let P(z) be a transfer function matriz in T(G, Py, Py) with input vector u(k) and output
vector y(k) partitioned according to Py, Py, respectively. Then there exists a state-space
realization (A, By, Cy, Dy,) of P(z) in &(G, Py, Py, Pu) with state vector xz(k) partitioned
according to some n tuple Py.

2. If P(z) is also BIBO stable, i.e. P(z) € T%(G, Py, Pyu), then there exists a state-space
realization (A, By, Cy, Dyy) of P(z) in &°(G, Py, Py, Pu) for some n tuple Py, i.e. A is

Schur-stable.

Definition 6. [1] We refer to the property to realizing a structured transfer function matriz
in T(G, Py, Py) as a stabilizable and detectable networked system which is a strictly causal

interaction over G with the same transfer function as network realizability.

Definition 7. Stabilizable and detectable system’s state space realization P €
S(G, Py, Py, Pu) can be implemented as strictly causal interaction of subsystems (2.8) and
(2.9) over a given graph G. Such systems are said to be network implementable. Moreover,

such state-space realizations are said to be network implementable state-space realization.

Theorem 1 ensures that a stable system P with transfer function matrix P(z) €
TG, Py, Pu) is network realizable over G with a network implementable state-space real-
ization P € &(G, Py, Py, Pu) such that P(s) = tf(P), where ‘tf is the operator transforms
state-space system into transfer function.

The sets of asymptotically stable structured systems over the network interconnection
G with input and output partitions as P, and P, are denoted by &°(G, P,, Py, P,) and

T(G, Py, Pu), respectively.

2.4 Youla Parametrization

Herein, we state a definition of doubly coprime factorization which will be used to define
all stabilizing controller parametrization, then we will review well known Youla-Kucera all

stabilizing-controller-parametrization.
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Definition 8. [5/ A doubly coprime factorization of Pag is a set of maps N, M, N, M,
with Pyy = NM™Y = M~IN satisfying

X -Y||M Y
o =1, (2.15)
N M| |N X

for some stable X, Y, X and Y. Further, M and N are referred to as right coprime factors

while M and N are referred to as left coprime factors of Pas.

Theorem 2. [5] Let a doubly coprime factorization of Paa be given as in definition 8. All

stabilizing controllers of Paa can be given as
K=Y -MQ)X-NQ)™ =(X-QN)"'(Y - QM) (2.16)
with @ € RHso -

Parametrization in (2.16) allows one to define all possible controllers when a doubly

coprime factorization of plant is given.
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CHAPTER 3. AN ALTERNATIVE CHARACTERIZATION OF
STABILIZATION

In this chapter, we first derive all stabilizing controller parametrization of stable plants.
We define internally stabilizing controllers by re-interpreting plant and controller. We de-
fine a congruent stable plant of the original plant which is not necessarily stable, such that
controller of the congruent plant is linearly function of the original plant’s controller. When
we put structural constraints on the all stabilizing controllers of the stable congruent plant,
these controllers embody the controllers of the main plant. Therefore, all stabilizing con-
troller problem of the original plant is defined as all stabilizing controllers of the congruent
stable plant with structural constraints. Regarding this problem, we obtain all stabilizing
controller parametrization of any plant benefiting all stabilizing controller parametrization
of stable plants. All stabilizing controller parametrization is obtained with equality con-
straints wherein Youla parameter is the variable, instead of solving for a feasible solution
of these constraints, we subject these equality constraints to norm minimization to define
a necessary and sufficient controller problem. We further reduce the number of variables
in stabilization problem benefiting orthogonal spaces and provide a two-step procedure to
solve and obtain a solution in infinite dimensional space. Moreover, we provide necessary
and sufficient stabilizability and detectability test problems, then we formulate necessary
and sufficient problems to have a dynamic state feedback controller and state observer

benefiting all stabilizing controller parametrization of stable plants.
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K

Figure 3.1 A block diagram of feedback interconnection of a plant and its controller,
1ft (P2, K).

3.1 All Stabilizing Controller Parametrization

In this section, we will first derive all stabilizing controller parametrization of stable
plants, then we will define a stably defined congruent plant of given any stable/unstable
plant and its controller to benefit from all stabilizing controller parametrization of stable
plants. Afterwards, we derive all stabilizing controller parametrization wherein equality
constraints are introduced on Youla parameter by benefiting all stabilizing controller pa-

rameterization of stable plants.

3.1.1 Problem Formulation

In the next lemma we provide all stabilizing controller parametrization of stable plants.

Lemma 1. All stabilizing controllers of stable plant Paa can be parametrized as K = —Q(I—

P22Q)_1 with Q € RHoo-

Proof of lemma 1 can be found at appendix A.1.

Let the generalized plant be defined as in the following

z(k+1) A By, B,| |z(k)
P:| 2(k) | =|C. Dy D.y| |w(k) (3.1)
y(k) Cy Dy, 0 u(k)
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7 o EP
(k) p (k); 22
ub) o b o1

K

I,

Figure 3.2 An equivalent block diagram of feedback interconnection of a plant and its
controller, 1ft( Py, blkdiag(I,,,, K)).

According to lemma 1, when given plant Pso is stable, all stabilizing controllers of Poo

can be parametrized as
K=-Q(I - PnQ)™* (3.2)

with a stable ). However, when given plant is unstable, one can not benefit from this
all stabilizing controller parametrization. Hence, we define a stable congruent plant of the
original plant in larger dimensions to be able to benefit the controller parametrization given
in (3.2).

As it can be trivially observed from figure 3.1 and figure 3.2, block diagram exists in
figure 3.1 is equivalent to block diagram exists in figure 3.2. Regarding figure 3.2, we can
define the feedback interconnection with two systems, stable congruent plant, Py, and its

controller, K, which are

_ 2 YA 27'AB,
Py = ) (3.3a)
z_le z_leBu

|5, 0
K = (3.3b)

0 K

Then, feedback interconnection of Psy and controller K is equivalent to feedback intercon-

ion of Py and .As it can also be observed from block diagram of P, in figure 3.2,
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when input channel-i and output channel-o gets connected with a unity feedback, input u
to output y map becomes equivalent to Pss.

Since Pag given in (3.3a) is stable, one can parametrize all stabilizing controllers of
Py with a stable Q as K = —Q(I — Py»Q)~!. Moreover, if K is structured as K =

blkdiag(I,,, K), then K is a controller of Psj.

3.1.2 All Stabilizing Controller Parametrization

Next, we define the constraints need to be satisfied by @ to be able to obtain all sta-
bilizing controllers of Py structured as K = blkdiag([,,, K) by all stabilizing controller
parametrization K = —Q(I — PQ)~!, which will equivalently bring us all stabilizing con-

trollers of Pss.

- Q1 Q2
Lemma 2. Let P be defined as in (2.11) and let Q) := . All stabilizing controllers

Qs Qu
of P can be parametrized as K = —Q4(I— Py2Q4) ™ where Q € RHoo satisfies the followings

AT zlABu] Q= [I 0] ; (3.4a)

(3.4b)

Proof. By regarding lemma 1, since Py given in (3.3) is stable, all stabilizing controllers of

Pyy can be parametrized as in the following

K

—Q(I — PpQ)~" (3.5)

with Q € RHeo. In order to have a stabilizing K also for the given plant P, we need to
find a @ which induces a structured K := blkdiag(I,,, K) such that 1ft(Ps, K) is stable.

By multiplying equation (3.5) from right with (I — Py@Q) and using the definition of K, we

obtain the followings
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I 0 I 0 1A Zz7'AB, | Q1 Q2 Q1 Qo
0o K| \|o 1T 2710, 27'CyBu| |Qs Qu Qs Q4| (3.6)
I — Z_lAQl — Z_lABuQ3 —Z_lAQQ - Z_lABuQ4 —Q1 —Q2
K(—Z_lcle — Z_ICyBqu) K(I - Z_lcyQ2 - z_ICyBuQ4) _Q3 _Q4

Using last matrix equality, we obtain the following equations

(z'A-1Qy + 27 'AB,Q3 = I, (3.7a)
(z7PA-1)Qy + 27 'AB,Q4 = 0, (3.7b)
K(—z'CyQ1 — 27 *CyB.Qs3) = —Qs, (3.7¢)
K(I-2'CyQ2 — 2710 B.Q4) = —Qu. (3.7d)

Using (3.7b) we can express Q2 as follows
Q2= (2] — A AB,Qs (3.8)
By plugging definition of Q)2 as in (3.8) into (3.7d), we obtain the followings

K(I —27'Cy(2I — A)AB,Q4 — 2 'CyB.,Q4) = —Qu,

(3.9)
K(I — P»Q4) = —Qu.
By multiplying (3.9) from right with (I — Py2Q4)~!, we obtain the following
K = —Qu(I — PpQy) . (3.10)
Moreover, one can equivalently parametrize K as K = —(I—QP»2)~1Q), using this parametriza-

tion we obtain the followings
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(I - QP2)K =-Q

I o Q1 Q2| | 27tA 7'AB, I 0 Q1 Qo
0 I Q3 Q4| |z7'Cy, z7'CyB, 0 K Qs Q4| (3.11)
I—27'Q1A—271Q:C),  —27'Q1AB,K — 27'Q2Cy B, K -Q1 —Q2
—271Q3A - 27'QuCy K — 27'Q3AB,K — 271Q4CyB, K —Q3 —Qu

Using last matrix equality, we obtain the following equations

QT A-D) + 27100, = 1, (3.12a)

—2 ' Q1ABLK — 2 'Q2Cy B K = —Q2, (3.12b)
Qs(z7"A—1)+27'QuCy = 0, (3.12¢)

K — 2 'Q3AB,K — 27 'QuCy B, K = —Qu. (3.12d)

One can obtain equations (3.7c), (3.12b) and (3.12d) using (3.7a), (3.7b), (3.12a), (3.12¢)
and (3.10). Therefore, equations (3.7a), (3.7b), (3.12a) and (3.12c) constitutes sufficient
equations to solve for a solution. Equation (3.6) inherits the structural property of K
such that K = blkdiag(I,,, K). Hence, for a Q which satisfies the equations in (3.7a),
(3.7b), (3.12a) and (3.12c), we can obtain K as K = —Q4(I — P»2Q4)~! and construct K
as K = blkdiag(l,,, K) which is a stabilizing controller of P, i.e. 1ft(Ps, K) is stable,

equivalently we have 1ft(Ps, K) is stable. O

Lemma 2 allows one to parametrize all stabilizing controllers of Pss without necessitating
to have a doubly coprime factorization of Pso unlike well-known Youla-Kucera all stabiliz-
ing controller parametrization given in (2.16). There exists also all stabilizing controller
parametrization developed in [43] which does not also require any priori computations like
doubly coprime factorization of plant. Our main purpose of deriving this all stabilizing
controller parametrization is to show that one can obtain all stabilizing controllers of the
given plant by all stabilizing controller parametrization of a stably defined congruent stable

plant-with-seme structural constraints on its controller.
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Next, we show that all stabilizing controller parametrization given in lemma 2 can be

written with reduced number of equations.

Corollary 1. Let P be defined as in (2.11). All stabilizing controllers of P can be parametrized

as K = —Q4(I — PyQ4)~" where Q4 € RHoo satisfies the followings

AT zlABu} Q= [I 0} ; (3.13a)

Qs(z"A—1)+27'QuCy = 0. (3.13b)

Proof of corollary 1 can be found at appendix A.2.
Corollary 1 allows us to parametrize all stabilizing controllers with reduced number of

equality constraints.

3.1.3 All Stabilizing Controllers for the case of D, # 0

Let K = ss(Ak, Bk, Ck, Dk) be a controller of Pay = ss(A, By, Cy, Dyy). In the case of
Dy, # 0, one should have I — Dg D, such that it is invertible to have a well-posed feedback

interconnection. Moreover, to design the all controllers for the case of D,, # 0, one can

_ _ 2 TA 2 1AB,
choose Py as Py = and follow the steps in proof of lemma 2.

2*103/ zflcyBu + Dy

Repeating the steps in proof of lemma 2, one will trivially come up with the same constraint
set given in (3.4) to parametrize all stabilizing controllers of Psy. Moreover, using controller
parametrization K = —(I — Q4P) 'Q4, we obtain that D = —(I — Dg,Dyu) ' Dg,
wherein Dg, is D matrix of system ()4, therefore we need I — Dg, Dy, as invertible to
have a well-defined controller. Therefore, one need to impose constraint of I — Dg, Dy, is
invertible in addition to constraints given in (3.4) to parametrize all stabilizing controllers
of Py when Dy, # 0. Using Dg = —(I — DQ4Dyu)_1DQ4, we obtain I — Dy Dy, as
(I — Dg,Dyy)~" whose inverse is I — D¢, Dy, which shows that feedback interconnection

of plant and controller is well-posed with this controller parametrization.
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3.2 Output Feedback Controller Problem

As it is shown in section 3.1, one can parametrize all stabilizing controllers of P with
a stable @ satisfying the constraint set (3.4). In this section, we will show that equation
set in (3.4) can be reduced to one equation. One may solve equality constraint in finite
dimensional space by defining finite impulse responses of the systems with not know a
priory finite support solution. Instead of solving zero equality problem in finite dimensional
space, we define the infinite dimensional problem by considering its norm minimization.
The following theorem sets a necessary and sufficient problem to obtain an output feedback

controller benefiting all stabilizing controller parametrization obtained in lemma 2.

Corollary 2. Let the plant be as given in (2.11). There exists an internally stabilizing
controller, if and only if there exist Q1 and Q4 which make the objective of following problem

ZEero.

~ 2
min |[A2(:7TA 1) — (7 TA-DOW(zTA- D) + ABuQ4CyH
Q1@ 2 (3.14)

st. Q1€ RHMoo, Qs € RHoo.

Moreover, let Q}‘ and Q3 be solution of (3.14) such that its objective is zero, then a controller

can be constructed as K = —Q}(I — Py Q)7L

Proof. Since equations given in (3.4) are necessary and sufficient constraints to have a
controller according to lemma 2, they need to be satisfied with a feasible stable @ if there
exists any controller. Using (3.12¢) and (3.7b), we can write Q2 and @3 in terms of (4 as

follows

Qs =—z"Y(z"'A-1)"'AB,Qu, (3.15a)

Qs = —2'QuC,(z7 A - 1) (3.15b)
Using definition of Q2 given in (3.15a), we can write equivalent of equation (3.12a) as follows

(gtd —DQ1(z'A—T)=2"A— T+ 27 2AB,Qu40,,. (3.16)
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Moreover, we can also write equivalent of equation (3.7a) as in (3.16), using definition of @3
given in (3.15b). Also, a stable Q4 satisfying (3.16) ensures the stability of Q2 and Q3 by
regarding equalities (3.7b) and (3.12¢). Therefore, equations given in (3.4) can be reduced
to one equation given in (3.16).

A Q satisfying (3.16) admits a form Q; = —I — 2714 + 272Q, where Q; is casual,

therefore we can simplify (3.16) as follows
A2(7PA-1) — (27" A-DQi(z"'A— 1) + AB,Q4C, = 0. (3.17)

An equivalent constraint of (3.17) can be written as its norm is equal to zero as in the

following equation
~ 2
HAQ(z_lA D GA-DOIA-T) + ABuQ4C’yH2 — 0. (3.18)

Therefore, if there exists a solution of (3.14) such that its objective is zero, then a controller

can be constructed as K = —Q4(I — Py»2Q4)~! by regarding lemma 2. O

Problem (3.14) allows us to define a stabilization problem in infinite dimensional space,
therefore it constitutes a necessary and sufficient problem for stabilization problem. For
any given plant, if there exists a solution to problem (3.14) which yields a zero objective,
then one can claim that there exists a controller for the given plant.

Problem given in (3.14) is not in the form of classical Ha problem. One can benefit
the vectorization method as shown in [37] to have the objective function in the form of
||H 4+ UQ)||3 wherein @ is variable which can be solved using existing solution methods
of Ho problem where a solution can be obtained in infinite dimensional space. However,
vectorization method is computationally burdensome. Therefore, in the next section, we
will provide an equivalent necessary and sufficient problem of (3.14) which can be solved to

have a solution in infinite dimensional space without requiring vectorization method.
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3.2.1 A Two-Step Procedure for Controller Synthesis Problem

In the previous section, we have defined the stabilization problem with variables Q;
and 4. In this section by benefiting orthogonal spaces of AB, and C,, we will eliminate
the variable Q4. Afterwards, we will provide a two-step solution procedure for controller
synthesis problem to obtain a controller in infinite dimensional space without a need of

vectorization method.

Corollary 3. Let the plant be as given in (2.11). Let A, B, and C, be such that null
spaces of (AB,)T and Cy are not empty. Let Lt be a concatenation of null space vectors of
(AB,)T and define L := L%. Let R be a concatenation of null space vectors of Cyy. There
exists an internally stabilizing controller of P, if and only if there exists a Q1 which makes
the objective of the following problem zero.
-2 . 2

min H—LA2 Y L(zA - DO, H + H—A2R F O (A - I)RH

@ ? 2 (3.19)

st. Q1€ RHMoo
Moreover, let Q’{ be a solution to (3.19) such that objective of (3.19) is zero, and let Q) =
(AB) (—A2(z " A—D) + (2" A-1)Qi(z~ A - I))C’;, then an internally stabilizing can be

given as K = —Q}(I — PyQ}) L.
Proof. A feasible solution to (3.17) must satisfy the followings

—LA2(TA-D+ L(zTA-D)Qi(z7tA-1) =0,

(3.20)
—A2'A-DR+ (z'A-DQ1(z"A-T)R=0.
Moreover, equality constraints in (3.20) can be simplified to
—LA*+ L(z'A-1)Q, =0, (3.21a)
— AR+ Qi(z7*A-T)R=0. (3.21b)

By regarding corollary 2, there exists an internally stabilizing controller if and only if there

to (3.17) or equivalently to (3.21). Therefore, there exists an
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internally stabilizing controller if and only if there exists a solution to (3.19) such that its

objective is zero and results follow corollary 2. O

Remark 1. It should be noted that when null space of (AB,)T or null space of Cy is empty,

-2
objective  function of problem (3.19) reduces to —LA2+L(z_1A—I)Q1H2 or

- 2
H—A2R+ Q1(z71A - I)RH2. Controller problems for these special cases can be found in

appendix B.2.

Problem in (3.19) allows one to solve the problem in smaller dimensions, in terms of
both variable and constraint set.

As it can be noticed, problem given in (3.19) is not still in the form of ||H + UQV||3,
hence classical Ho problem solution methods can not be applied. One may take advantage of
the vectorization method as shown in [37] to put the problem (3.19) into form of ||H +UQ)||3
wherein Q is variable to benefit from the existing solution methods of Hs problem. Besides,
we will show next that problem (3.19) can also be solved as two-step Ha problem to avoid

the vectorization method since it is computationally burdensome.

Theorem 3. Let P be as given in (2.11). Let A, B, and Cy be such that null spaces of
(AB,)T and C, are not empty. Let Ly be a concatenation of null space vectors of BL and
define L := L;‘ﬁ. Let R be a concatenation of null space vectors of Cy. Let Q’l‘ be a solution
of the following problem if there exists which makes its objective zero.
2 1 5 112
min H—LA +L(z""A— I)Q1H
@ ? (3.22)
sit. Q1€ RHMs
Let b be column rank of AB, and let n, be order of Psy. Moreover, let W € RH=*b be a
any stable transfer function satisfying L(z7'A — I)W = 0 such that WIW = 1. Let ¢* be a
solution of the following problem if there exists any which makes its objective zero.
- 2
min H-A?R YOI A DR+ Wq(z"1A — I)RH2
q

(3.23)
s.t._q € RHZ"
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There exists an internally stabilizing controller, if and only if there exist such Q’l‘ and q*.
Moreover, for defined Q, := Qf + Wq* and Q4 = (AB,)T(=A%2(z7'A - 1) + (2714 —
NQi(z7'A — I))C’;,j, one can obtain an internally stabilizing controller as K = —Q4(I —

PyQu)~t.

Proof. One need to have a feasible solution to (3.21) to obtain a controller according to

corollary 3. To obtain Ql, we can solve
— LA - L(z'A-DQ; =0 (3.24)
Since this equation is an affine subspace, all the other Qs satisfying this equation must be
such that
Q1=Q; + QY (3.25)
where L(z~'A — I)Q9 = 0. This means Q) must be in the span of W where

Liz'A-Dw =o. (3.26)

Therefore, we can express Q(l) as Q(l) = Wy, so we can obtain Ql as Ql = Q‘l‘ + Wq using
equation (3.25). Among these Qs we want to find one such that it solves (3.21b), so, by

substituting Q; = Q~§'[ + Wyq into (3.21b) we obtain
— AR+ Q1+ W)z tA-DR=0. (3.27)

Therefore, equalities in (3.21) can be satisfied if and only if there exist feasible solutions
to problems (3.22) and (3.23) such that their objectives hold zero norm, therefore results

follow corollary 3. O

Remark 2. Let A and B, be such that null space of AB, is not empty. Let b be column
rank of AB, and let ng be order of P. Let Wy € R™*? be any matriz with full column rank
and let 3 be a Lagrange multiplier high enough. A W satisfying L(z~*A — )W = 0 such

that WIW =T can be found by solving the following problem

2
Lz 'A-DW
min B ) . (3.28)
W — Wy
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Problem given in (3.28) can be equivalently written as in the following form which can be
solved using existing solution methods of Ha problem to have a solution in infinite dimen-

stonal space.
2

0 BL(z7YA — 1)
min + Wil . (3.29)
W ~Wy I
2
It should be noted that minimization function ||W — Wy||3 functions as disturbance to have

a W such that WIW = I. Moreover, 3 should be chosen high enough to have the constraint

L(z7'A — )W = 0 satisfied.

Problems defined in (3.22) and (3.23) can be solved using existing solution methods of
Ho optimal problem to have a solution in infinite dimensional space since their objectives
holds the form of || H + UQV||3 wherein Q is variable. Therefore, if there exists a controller,

one can obtain a controller using the procedure described in theorem 3.

3.3 Special Cases

In this section we will provide some special cases of output feedback problem. We will
first introduce stabilizability and detectability test problems. Afterwards, we will provide

dynamic state-feedback and observer problems.

3.3.1 Stabilizability and Detectability Conditions

Herein, we introduce the necessary and sufficient conditions for stabilizability and de-

tectability.

Lemma 3. Plant in (2.11) or the pair (A, By) is stabilizable if and only if there exist casual
Q1 and Q3 which make the objective of the following problem zero.

2

Q1
min I—|z1A—-T1 2B,

Q1.Qs Qs (3.30)
2

s.t. Ql € RHOO,Q;), € RHxo.
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Proof of lemma 3 can be found at appendix A.3. Lemma 3 provides a necessary and
sufficient problem to test the stabilizability of the given plant. Next, we will provide a

necessary and sufficient problem to test the detectability of the given plant.

Lemma 4. Plant in (2.11) or pair (A, Cy) is detectable if and only if there exist Q1 and

Q2 which make the objective of the following problem zero.

2 1A-T

min 1] — [Ql Qz] .
1o, ) (3.31)

s.t. Q1€ RHoo, Q2 € RHco.
Proof of lemma 4 can be found at appendix A.4.
In this section, we have formulated necessary and sufficient stabilizability and detectabil-
ity conditions as Hy problems. Provided problems can be solved using existing Ho problem

solution techniques to have a solution in infinite dimensional space.

3.3.2 Stabilizability and Detectability Conditions in Reduced Number of Vari-

able

In this section, we will show that stabilizability and detectability problems given in
corollary 3 and corollary 4 can be formulated with reduced number of variables benefiting

orthogonal spaces of B, and C),.

Corollary 4. Let plant P be as given in 2.11. Let B, be such that null space of BL is not
empty. Let Lt be a concatenation of null space vectors of BL and define L = L%. Plant P
or the pair (A, B,) is stabilizable if and only if there exists a Q1 which makes the objective

of the following problem zero.

min H—LA%—L(zflA—I)Qle
ol 2 (3.32)
st Q1€ RMoo.

Proof of corollary 4 can be found in appendix A.5. It should be noted that for the case

of null.spacesof Bl is,empty, given plant is trivially stabilizable.
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Corollary 5. Let plant P be as given in 2.11. Let Cy be such that null space of Cy is not
empty. Let R be a concatenation of null space vectors of Cy. Plant P or the pair (A,Cy) is

detectable if and only if there exists a Q1 which makes the objective of the following problem

ZETo. 9
min H—AR +Q1(z 1A - I)RH
@ 2 (3.33)
s.t. Q1 € RHoo.

Proof of corollary 5 can be found in appendix A.6. It should be noted that for the case
of null space of Cy is empty, given plant is trivially detectable.

Problems given in (3.32) and (3.33) are in the form of classical Ha problems and can be
solved using existing Hs problem solution methods to have a solution in infinite dimensional

space.

3.3.3 Dynamic State Feedback Controller and State Observer Problems

In this section, we will provide necessary and sufficient dynamic state-feedback controller
and state observer problems benefiting all stabilizing controller parametrization defined for
stably defined plants.

Let Pf be defined as

Pf = |:z_1A Z_lBu:| (334)

Figure 3.3 Block diagram of Pf

A stable feedback interconnection of dynamic state-feedback interconnection of F' and

Py = ss(A, By, Cy,0) with C, = I equivalently means a stable feedback interconnection
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of Pf and F = | . Benefiting this stably defined plant and its controller, next we will
F

show a necessary and sufficient problem to have a dynamic state-feedback controller.

Lemma 5. Let plant, P, be defined as in (2.11). There exists a casual dynamic state-
feedback controller of P, if and only if there exist casual Q1 and Q3 which make the objective

of the following problem zero.

. 1
min I—|z1A-T1 27'B,
Q1,3 Qs (3.35)
2

s.t. Ql € R0, Qg € Rt oo
Moreover, let Q1 and Q3 be a solution to (3.35) such that its objective is zero, then a state

observer can be synthesized as F' = Qng_l.

Proof of lemma 5 can be found in appendix A.7.
Now, we will demonstrate the problem to formulate the state-observer problem. Let P,

be defined as

_ 27 1A
P, = (3.36)
z_le
o(k)
A —
u(k) y(k)
z71 Cy —

Figure 3.4 Block diagram of P,

A stable feedback interconnection of dynamic state-feedback interconnection of L and
Py =ss(A, By, Cy,0) with B, = I,,, equivalently means a stable feedback interconnection
of P, and L = [ I, L]. Benefiting this stably defined plant and its controller, next we

and sufficient problem to have a dynamic state observer.
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Lemma 6. Let plant be defined as in (2.11). There exists a casual dynamic state observer,
if and only if there exist casual Q1 and Qo which make the objective of the following problem

ZETO.
2

] ; [ o z1A-1T
nin — @1 Qz]
Q1,Q2 2710, (3.37)
2

s.t. Ql € RHoo, QQ € Rt
Moreover, let Q1 and Qo be a solution to (3.37) such that its objective is zero, then a state

observer can be synthesized as L = Ql—l@.

Proof of lemma 6 can found in appendix A.8.
In this section, we provided necessary and sufficient dynamic state-feedback and state
observer problems which are defined as classical Ho problems and can be solved using

existing methods to have a solution in infinite dimensional space.

3.3.4 Dynamic State-Feedback and State Observer Problems in Reduced Num-

ber of Variable

In this section, we will provide state-feedback controller and state observer problems in

reduced variables by regarding lemma 5 and 6 and orthogonal spaces of B, and C),.

Corollary 6. Let plant P be as given in 2.11. Let B, be such that null space of BL is not
empty. Let Lt be a concatenation of null space vectors of Bl and define L := Lg. There
exists a casual dynamic state-feedback controller of P, if and only if there exists a casual
Ql which makes the objective of the following problem zero.

min H—LA + L(z'A - I)Q1H2
@ ? (3.38)

~

s.t. Q1 € RHoo-

Moreover, let Q3 = Bi(A— (Y A—1)Q1), then state-feedback controller can be synthesized

as F = Q3(z7'Q1 — I)~%.
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Proof of corollary 6 can be found in appendix A.9. Corollary 6 provides a necessary and

sufficient problem to attain a dynamic state-feedback controller for the given plant.

Remark 3. In the case of null space of Bl is empty, dynamic state feedback controllers
of P can be trivially parameterized with a stable Ql € RHI ™ as F = Qg(z_lQl -1t

wherein Q3 = BL(A — (2714 — 1)Q1).

Corollary 7. Let plant P be as given in 2.11. Let Cy be such that null space of Cy is not
empty. Let R be a concatenation of null space vectors of Cy. There exists a casual dynamic
state observer of P, if and only if there exists a casual Ql which makes the objective of the

following problem zero.

min H—AR+Q1(z—1A—I)RHz
: (3.39)
s.t. Q1 € RHoo.

Moreover, let Qa = (A — Q1(271A4 — I))C;E, then state observer can be synthesized as L =

(z7'Q1 — I)7'Qo.
Proof of corollary 7 can be found in appendix A.10. Corollary 7 provides a necessary

and sufficient problem to attain a dynamic state observer for the given plant.

Remark 4. In the case of null space of Cy is empty, dynamic state observers of P can
be trivially parameterized with stable Ql € RHZ>" qs L = (z_lQl — 1)7'Qy wherein

Qy = (A—Q1(ztA—D)C].

Problems defined in corollaries 6 and 7 include fewer variables with respect to state
feedback controller and state observer problems defined in lemmas 5 and 6. Moreover,
problems defined in (3.38) and (3.39) are defined in the form of Ho problem and can be solved
using existing solution methods of Hy problem to have a solution in infinite dimensional
space. Therefore, defined dynamic state-feedback controller and state observer problems
constitute necessary and sufficiency problems to attain a dynamic state feedback controller

and state observer.
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3.4 Conclusion

In this chapter, we have obtained all stabilizing controller parametrization for any sta-
ble/unstable plant, by benefiting all stabilizing controller parametrization defined for stable
plants, wherein constraints on Youla parameter are defined with equality constraints. For-
mulated all stabilizing controller parametrization does not necessitate to have a doubly
coprime factorization or it does not require to have an initial controller.

Moreover, in this chapter we provided necessary and sufficient problems for the follow-

ings:

e Stabilizability test problem,

Detectability test problem,

e Dynamic state-feedback controller problem,

e Dynamic state observer problem,

Output feedback controller problem.

Stabilizability test problem, detectability test problem, dynamic state-feedback con-
troller problem, dynamic output feedback problem are formulated in the form of Ho prob-
lem, i.e. in the form of ||[H +UQV||3 for some H, U and V wherein @ is variable. Therefore,
one can obtain a solution in infinite dimensional space by solving existing solution methods
of Ho problem. Furthermore, we have provided a two-step solution procedure for output
feedback controller problem to have a solution in infinite dimensional space.

Moreover, alternative controller problems can be found in appendix B.3 which are suf-
ficent controller problems which do not require to use vectorization method and can be
solved in one step using existing solution methods of Hs problem.

It should be noted that derivation of these controllers stands as base for the characteri-

zation of network distributed controller problems that will be introduced in next chapters.
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CHAPTER 4. NETWORK IMPLEMENTABLE CONTROLLERS

By network implementable controllers, we refer to controllers with network imple-
mentable state-space realizations. Moreover, we call a controller as network realizable if
there exists a network implementable state-space realization of it over the given network.
In this chapter, we will define the set of network realizable controllers and will provide
a method to obtain a network implementable state space realization of a given network
realizable controller.

We first introduce a doubly coprime factorization of K := blkdiag(I,,, K) where K
is a controller for the given plant P with order n,. This doubly coprime factorization
allows us to have left and right coprimes belong to stable network realizable set when K
inherits the sparsity and delay constraints of the given network, i.e. K € T(G, Py, Py).
We are able to obtain network implementable state-space realization of K € T(G, Py, Py),
benefiting network implementable state-space realizations of coprimes of K, since there
exists a method to obtain network implementable state-space realization of a given stable

network realizable system.

4.1 Doubly Coprime Factorization of Controllers

In this section, we will show that for a given controller, K, of a plant P with order n,,
blkdiag(/,,, K) admits a doubly coprime factorization.

Since Pyy given in (3.3) is stable, one can parametrize a controller K of Py with a
stable Q as K = —Q(I — Py»Q)~'. Thereupon, for a given controller K of Py, one can

obtain a stable Q as Q* = —K (I — PyyK)~! wherein K = blkdiag([,,,, K), which allows
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one to re-derive K as K* = —Q*(I — PyQ*)~! such that K* = blkdiag(l,,, K). This
parametrization allows us to have right coprime factors of K = blkdiag([,,,, K) which are
Q and I — P»@Q. This knowledge allows us to state coprime factors of K as in the following

lemma.

Lemma 7. Let K be a stabilizing controller for Pyy = ss(A, By, Cy,0) and ng be the order

of Pyy. Let K be defined as
_ I,, 0O

x

K= . (4.1)
0 K

Define Z := (2I — A — B,KC,) and let set of maps V, W, V and W be defined as follows

_ I+ AZ71 AZ 1B, K
V=V-= ,

KCyZ™' K(I— PpK)™!

I+AZ ' AZ'B,K
CyZ_l (I — ngK)_l

I+ AZ1 AZ7'B,

W =

KCyZ™' (I —KPy)™!

Then, a doubly-coprime factorization of K can be represented as K = VW™ = W~V

satisfying

o= - (4.3)

with stable X, Y, X, Y :

_ 2 YA 27'AB, (4.4)
Y=Y .

zilcy zflcyBu
Proof of lemma 7 can be found in appendix A.11.
Provided coprime factors of K = blkdiag(I,,, K) allow us to parametrize K with stable
systems which will further allow us to obtain network implementable controllers of given

ollers as it will be shown in next section.
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4.2 Network Implementable Controllers

In this section, we will show that benefiting doubly-coprime factorization of controllers,
we can obtain network implementable state-space realizations of controllers which inherits
the sparsity and delay structures of the given graph, i.e. K € T(G, Py, Py).

The following corollary allows us to parametrize a given controller using two stable

Systems.

Corollary 8. For a given plant Py = ss(A, By, C,,0), let Py and V be defined as in (3.3)

and (4.2), respectively. Then, controller K of the given plant can be parametrized as

_ 0
K = [0 Inu} V(I + PyV)™! . (4.5)
I,
Proof. This corollary is direct result of lemma 7 and the equality W = (I + PyV). O

In the following lemma, we show that there exists a network implementable state-space
realization of a controller which inherits the sparsity and delay constraints of the given
network, i.e. K € T(G, Py, Py), of the given plant Py = ss(4, By, Cy,0) wherein A €
S(A(G), Pz, Pz), By € S(I,Py,Py) and Cy € S(A(G), Py, Pz).

Lemma 8. Let A € S(A(G), Py, Pz), Bu € S(I, Py, Py) and Cy € S(A(G), Py, Pz) be state-
space matrices of strictly proper plant Pay, i.e. Pay = ss(A, By, Cy,0), let ng, n, and ny be
number of states, inputs and outputs of the given plant, respectively. Let K € T(G, Py, Py)
be a controller of Pay. Let V€ G°(G%, Puy, [Pu; Pul, [Pu; Py]) be a network implementable

state-space realization of V' defined in (4.2). Define a network implementable ]522 as

- A
P22 = 35(07 |:Inl Bu:| ; 70) (46)
Cy

Then, a network implementable state-space realization of K € (G, Py, Py), such that K e

6(g7PxKapu,Py)7 can be given as

. . - 0
K = [0 Inu} V(I + PypV)! ) (4.7)
I,

Yy
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Proof. For agiven K € T(G, Py, Py), V given in (4.4) belongs to set T5(G2, [Py; Pul, [Pu; Pyl)-
According to theorem 1, there exists a network implementable state-space realization of
V € TG, [Py; Pul, [Pz; Py]) and let V be a network implementable state-space realization
of V€ T(G?, [Pu; Pul, [Pz; Py]). Moreover, Py given in (4.6) is a network implementable
state-space realization of Py given in (3.3a). Using corollary 8, we can parametrize the given
controller as in (4.5). Therefore, using network implementable state-space realizations V
and f’gg, we can obtain a network-implementable controller, K, as in (4.7) equivalently, as

in the block diagram exists in figure 4.1. O

Lemma 8 allows us to define the set of network implementable controllers and further-
more, it introduces a method to attain a network implementable state space realization
for the given structured controllers K € T(G,P,,Py). A block diagram of network imple-
mentable realization of controller K € T(G, P, Py) can be given as in figure 4.1, wherein 1%

is a network implementable state-space realization of V' defined in (4.2) and Pys as in (4.6).

Y 0 - u

P22

Figure 4.1 A block diagram for network realization of K.

Definition 9. (Network realizable controller) We call a controller K of Pas as network
realizable controller if there exists a network implementable state-space realization of it over

the given network G.

One can obtain a network implementable state-space realization of
V € T5(G?, [Py, Pul, [Px, Py]) using methods in [1], [19] (one can refer to appendix C.1 for
a review of method [1] and appendix C.2 for an example demonstration). Having network

implementable state-space realizations V and f’gg, one can attain a network implementable
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controller K € S(G, Pk, Pu, Py) using the block diagram exists in figure 4.1. Therefore, a
controller K € T(G, Py, Py) of a given networked system Py as in (2.11) can be called as

network realizable controller of Pss.

Theorem 4. Let A € S(A(G), Py, Pz), Bu € S, Pz, Pu) and Cy € S(A(G), Py, Px) be
state-space matrices of strictly proper plant Pay, i.e. Py = ss(A, By, Cy,0). Let K €
(G, Pu, Py) be a controller for Pyy. Then, K € (G, Py, Py) is a network realizable con-

troller of Pao.

Proof. Since, there exists a network implementable state-space realization of a controller
K € Z(G, Py, Py) of defined plant P»y according to lemma 8, it follows that K is a network

realizable controller of Pyo. O

Theorem 4 allows us to define the set of network realizable controllers. A necessary and
sufficient problem to attain a network realizable controller for the given networked plant

will be provided in the next chapter.

4.3 Conclusion

In this chapter, we have obtained a doubly coprime factorization of K = blkdiag(/l, K)
wherein K is a controller of the given plant. Moreover, an alternative doubly coprime fac-
torization of K can be found in appendix B.4. When K inherits the sparsity and delay
constraints of the given network in z-domain, i.e. K € T(G,Py,Py), formulated coprime
factors of K are stable network realizable systems. Hence, we are able to obtain network
implementable state-space realization of coprime factors K benefiting existing network im-
plementable state-space realization technique shown in [1] for stable network realizable
systems (A review of network implementable state-space realization of stable network real-
izable systems has been provided in appendix C.1). By obtaining network implementable
state-space realizations of coprime factors, we are able to obtain a network implementable

state space realization of K and by proper mapping on K, we are able to obtain a network
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implementable state-space realization of K. A demonstration of network implementable
state-space realization of a network realizable controller can be found in appendix C.2.

Since, we are able to obtain network implementable state-space realizations of controllers
which inherits the delay and sparsity constraints of the given network, we are able to define
these controllers as network realizable controllers as given in theorem 4.

Obtained network implementable state-space realization method for network realizable
controllers allows us to obtain network implementable controllers with reduced order with
respect to existing realization methods. Comparisons with existing realization methods has

been provided in numerical example sections 8.1 and 8.2.
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CHAPTER 5. NETWORK REALIZABLE CONTROLLER PROBLEM

In this chapter, we obtain all stabilizing network realizable controller parametrization
by regarding all stabilizing controller parametrization obtained in chapter 3. Moreover,
we state a necessary and sufficient problem to have a network realizable controller which
is a constrained problem. Afterwards, we provide its equivalent unconstrained network
realizable controller problem which can solved using standard techniques to have a solution

in infinite dimensional space.

5.1 All Stabilizing Network Realizable Controller Parametrization

In this section, we will provide all stabilizing network realizable controller parametriza-

tion benefiting lemma 2.

Lemma 9. Let the networked plant, P, be given as in (2.11), such that Pay € &(G, Py, Py, Pu)
Q1 Q2

and let Q = . All stabilizing network realizable controllers of P, K, such that
Q3 Q4

K(z) € T(G,Pu,Py) can be parametrized as K = —Qu(I — P2Q4)~' where Q satisfies

equality constraints in (3.4) such that Q4(z) € T5(G, Py, Py) and Q € RHoo.

Proof. It is proven in lemma 2 that for a Q € RH satisfying (3.4), K = —Qu(I —
P22Q4) ! parametrizes all stabilizing controllers. Next, we will show that K (z) belongs to
set (G, Py, Py) if and only if we have Q4(2) € T°(G, Py, Py).

= First assume 4 is stable and network realizable, i.e. Q4(z) € T°(G, Py, Py), then we
have K = —Q4(I — P22Q4)~! such that K(z) € T(G, Py, P,) which is a network realizable

controller,according to.theorem 4.
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< Now assume, we have K(z) € T(G, Py, Py). Let K* = blkdiag(l,,, K). Since we

have Py € &(G, Py, Py, Pu), Pao defined in (3.3a) belongs to set T5(G, [Py; Pyl, [Pu; Pul)-

Therefore, we have Q* = —K*(I — Py K*)™! such that Q*(z) € T5(G, [Pu, Pul, [Pz, Py))
0

when K(z) € %(G,Pu,Py). Therefore, we have Q}(z) = [0 [nu] Q*(2) IS
I,

TG, Pu, Py). O
Lemma 9 shows that one can parametrize all stabilizing network realizable controllers

with a stable @ satisfying equality constraints 3.4 with an additional structural constraint

on Q4 as Q4 € zzs(g"])u,’py)_

5.2 Network Realizable Controller Problem

In this section, we will first state a necessary and sufficient network realizable controller
problem. Afterwards, we will derive its equivalent unconstrained problem which can be
solved with existing solution methods of Hy problem to have a solution in infinite dimen-

sional space.

Theorem 5. Let plant, P, be given as in (2.11) such that Poy € &(G, Py, Py, Py). There ex-
ists a  network  realizable  internally  stabilizing  controller K  such  that
K(2) € %(G,Pu,Py), if and only if there exist Q1 and Q4 which make the objective of

following problem zero.

~ 2
min |[A2(:7A— 1) — (A - DO (zTA — 1) + ABUQ4C’yH
Q1,Q4 2 (5.1)

st Q1 € RHoo, Qu(2) € T°(G,Pu, Py)

Moreover, let Q”:[ and Q} be solution of (5.1) such that its objective is zero, then a net-
work realizable controller can be constructed as K = —Qi(I — PaQ})~! such that K(z) €

T(Q,Pu,Py).

Proof. As it is proved in the proof of corollary 2, equality constraints in (3.4) can be equiv-

alently-solved-with-the-equality constraint in (3.16). Therefore, regarding equivalent con-
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straint sets (3.4) and (3.16), and lemma 9, there exists a network realizable controller if and
only if there exist ()7 and @)} which make objective of problem 5.1 zero and corresponding

network realizable controller can be given as K = —Q3(I — P2Q}) L. O

Problem defined in (5.1) is a necessary and sufficient problem, however it is a constrained
problem, therefore, classical Hsy solution methods cannot be applied. Next, we will benefit
from vectorization method to define an equivalent unconstrained problem which is in the
form of Hs problem wherein a solution can be obtained in infinite dimensional space using
existing solution methods.

Let vec(Q1(2)) = Wi(z) and vec(Q4(z)) = Si(2)Wi(z) be the vectorized elements of
Q1 and Q4 where Wy(z) € R?—[g.;“, Wi(z) € RHY! for some a and Sy(z) € RHa™ "
contains the delay and sparsity constraints imposed by the set T%(G, Py, Py) (for a demon-
stration of how to obtain systems Sy;(z) and Wy(z) one can refer to section B.5). Benefiting

results of vectorization, we write an equivalent of problem (5.1) as in the following
2
. 2/ —1 Wi
min ||A%(zT A=) = | TA-DT®(z'A-1) —(CI'® AB,)S4| | _

W, Ws Wi || 52)

st. Wi € RHoo, Wi € RHoo-

Let W7 and W} be solution of problem (5.2), such that its objective is zero, then one
can obtain Q% by Q% = vec(SyW;)~! and optimal controller as K* = —Q}(I — PyoQ}) ™!
wherein K (z) € (G, Py, Py). After obtaining a network realizable controller, we obtain a
network implementable controller using the network implementable state-space realization
technique formulated in section 4.2, i.e. using block diagram in figure 4.1 where V is network
implementable state-space realization of V' which is defined in (4.2) (V' is function of K*.)
and ]522 is as defined in (4.6).

Problem (5.2) is an unconstrained necessary and sufficient network realizable controller
problem and it is in the form of Hs problem. Therefore, problem (5.2) can be solved using
existing solution techniques of Hs problem to attain a solution in infinite-dimensional space.

Heneeyif there exists.a-network realizable controller, one can obtain it by solving (5.2).
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Moreover, using the network realizable controller obtained in this section, one can solve
the optimal network realizable controller problem in theorem 9 to obtain a optimal network
realizable controller. Once the optimal network realizable controller problem in theorem
9 is solved, then one can form an optimal network realizable controller as in (7.9). After
obtaining an optimal network realizable controller, one can obtain a network implementable
controller using the network implementable state-space realization technique formulated in

section 4.2.

5.3 Conclusion

In this chapter, first, we obtained all stabilizing network realizable controller parametriza-
tion, then we provided necessary and sufficient network realizable controller problem.

By benefiting vectorization method, we defined a network realizable control problem
in the form of unconstrained Ho problem wherein a solution can be obtained in infinite
dimensional space benefiting existing solution methods of Ho problem. After obtaining a
network realizable controller, we obtain a network implementable controller using the net-
work implementable state-space realization method formulated in section 4.2. Moreover, a
demonstration of how to obtain a network implementable state-space realization of network

realizable controller can be found in appendix C.2.
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CHAPTER 6. OPTIMAL NETWORK REALIZABLE CONTROLLER
PROBLEM

In literature, optimal controller problem have been studied with sufficiency conditions.
In [37], optimal network realizable controller problem has been formulated as a function
of static sparse state feedback and static state observer. However, methods to find static
sparse state feedback and static state observer have been provided with sufficient problems.
Moreover, in the work of [43], optimal network distributed controller problem has been
defined with infinite dimensional constraints with not know a priory finite support solution.
In this section, we will define infinite dimensional optimal network distributed controller
problem which can be solved benefiting existing solution methods of Ho problem.

We will first provide a model matching problem, then we will formulate optimal network
realizable controller problem. Afterwards, we will formulate an unconstrained optimal net-
work realizable controller problem which can be solved benefiting existing solution methods
to have solution in infinite dimensional space. The provided optimal network realizable con-
troller problem allows one to solve and obtain a solution in infinite dimensional space and
does not necessitate priory computations such as doubly-coprime factorization of plant or an
initial controller unlike optimal controller problems involve well-known Youla parametriza-

tion.

6.1 Model Matching Problem

In this section, we formulate a model matching problem affine in @ to be able to define

a convex optimal controller problem.
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We had formulated P,y in the previous chapters. Now, generalized congruent plant P

can be given as

v
Il

2 1C.By, 4 D1y | (6.1)

= 2" YAB,, 2 1A 2 1AB,

i z_leBw + Dy z_le z‘lc’yBu
then feedback interconnection of P and K is equivalent to feedback interconnection of P

and K. Moreover, a block diagram of P can be found in figure 6.1.

Dy 1
u(k) y(k)
Bu ) z_l Cy
Dzu ]
w(k) z(k)
By, C, —mO——
Dzw

Figure 6.1 Block diagram of P.

Input to output system from w to z can be given as
Tow = Pll + Plzk(f — P22K)_1P2]_. (62)

Since, for a controller parametrization K = —Q(I — PyQ)~! we have Q = —K(I —

Py K)™1, closed loop parametrization in (6.2) can be given as
Tow = P11 — P12QPo. (6.3)

Input to output map given in (6.3) is affine in Q which will allow us to define the optimal

avex in Youla parameter.
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6.2 Optimal Network Realizable Controller Problem

In this section, we define a necessary and sufficient problem to obtain optimal network
realizable controllers benefiting the network realizable controller problem defined in previous

chapter.

Theorem 6. Let plant, P, be given as in (2.11) such that Py € &(G, Py, Py, Pu). Let

_ _ _ Q1 Q2 _
P11, P12 and Py be defined as in (6.1). Let Q := ! . Let Q* be a solution of the
Q3 Qu

following problem,

chizn |[P11 — P1oQPa|

_ I _|ztA-T
s.t. H [I o} — [z‘lA—I z‘lABu} QH + -Q =0, (6.4)
0 zfl(?y

Q E 727-[007 Q4(Z) e Ts(Qup’UJ,Py)
then optimal network realizable controller K such that K(z) € (G, Py, Py) can be given as

K* = —Qi(I — PpQ))~".

Proof. Proof follows lemma 9. O

Problem (6.4) is necessary and sufficient optimal controller problem. However, it can
not be solved in infinite dimensional space with the existing solution methods. In the
next section, we define an unconstrained optimal controller problem which can be solved in

infinite dimensional space.

6.2.1 Unconstrained Optimal Network Realizable Controller Problem

As it can be noticed from problem (6.4), it cannot be solved in infinite dimensional space
using existing solution methods to obtain optimal controller due to equality constraint and,
structural and sparsity constraints introduced on Q4 by the space T°(G, Py, Py). Next,
we introduce a Lagrange variable and benefit from the vectorization method to be able to

define.an-unconstrained, optimal network realizable controller problem.
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Benefiting corollary 1, problem given in (6.4) can be formulated as in the following with
a Lagrange variable 3, wherein f is big enough, so that equality constraints in problem 6.4
is satisfied.

min  ||Py; — P12Q Py

1

+ﬂH[1 o]—[z—lA_z z‘lABu] QH+ﬂHQ3(z‘1A—I)+z‘1Q4CyH (6:5)

st. Q€ RHoo, Qu(z) € T(G, Pu, Py).

We can append sum of norms into rows of one minimization function as follows

Py — P1aQPy
B — (z7*A—-1)Q1 — 2 ' AB,Q3)
@ B(—=(z7TA=1)Q2 — 2 ' AB,Q4) (6.6)
B(=Qs(2 1A = 1) — 271QuCy)

s.t. Q € RHoo-

Let Uy = 27 2(AB,)T ® O, Upp = z_l(z_leBw + Dyw)T ®C,, Uiz = 271 (AB,)T ®
(27YC.By + D.y), Uis = (27'CyBy + Dyy)T @ (271C.By + Dsy) and Z4 = 271A — 1.
Let vec(Q4(2)) = S4(2)Wy(z) be the vectorized element of Q4 where Wy(z) € RHY! and
S4(z) contains the delay and sparsity constraints imposed by the set T(G, Py, P,) (For a
demonstration of how to obtain systems S4(z) and Wy(z) one can refer to section B.5.). Let
B be a Lagrange variable big enough. Benefiting a Lagrange multiplier and vectorization

method, we re-define the problem (6.4) as follows

vec(z’lCsz + D.y) Uyq Uis Uis Urs Wi

) Bvec(I) BI® Za 0 218l ® (AB,) 0 W
A 0 - 0 BI®Zy 0 27 1BI ® (ABy,)| |W3
I 0 | | o 0 Bzhel B0y @ | | Wa]
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Problem (6.7) can be solved in infinite dimensional space using existing solution methods
of Hy problem to have an Ho optimal network realizable controller. For existing solution
techniques of Ha problem, one may refer to [4], [5]. Moreover, provided optimal controller
problem can be used to obtain £; optimal network realizable controller using ¢; problem
solution technique introduced in [17].

Let W} be a solution of problem (6.7). By applying de-vectorization process, we obtain
Q4 as QF := vec }(S4W)), let the solution be such that equality constraint in problem
(6.4) is satisfied, then an optimal network realizable controller can be found by K* =
—Qi(I — PoQj})~" wherein K(z) € T(G, Py, Py). After obtaining a network realizable
controller, we obtain a network implementable controller using the network implementable
state-space realization technique formulated in section 4.2, i.e. using block diagram in figure
4.1 where V is network implementable state-space realization of V which is defined in (4.2)

(V is function of K*.) and Pyy is as defined in (4.6).

Remark 5. If a solution to (6.7) is not satisfying the equality constraint in problem (6.4),

one may increase Lagrange multiplier B to satisfy the constraint with a negligible error.

6.2.2 Optimal Network Realizable Control Problem in Reduced Variables

In this section, we define a necessary and sufficient optimal network realizable controller
in reduced variables.
Benefiting theorem 5, we define an optimal network realizable problem in reduced vari-

able as in the following corollary.

Corollary 9. Let plant, P, be given as in (2.11) such that Py € &(G, Py, Py, Py). Let A,
B, and Cy be such that AB, has full column rank and Cy has full row rank. Let Py, Py

and Py be defined as in (6.1), Pgl, ]51%1, and 152%1 be defined as in the following
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[ —1 —1 g2
Pglzz —I—-z"A 27 ACy |
2 YAB,)TA2 —(AB,)TA%2(z"'A - I)C}
L (6.8)
_ P _
PIQQ1 = ) P2Q11 = |z —(z_lA—I)C;j] :
—(AB)(z7"A-1T1)
Let QT and Q} be a solution of the following problem,
min [Py — PuPSIPm - P12P1Q21Q~1P§11521H
Q1,Q4
s.t. HAz(z_lA - GTA-DON AT + ABuQ4CyH —o, (69

Ql € RHoo, Q4(Z) c TS(Q,PU,Py).
then optimal network realizable controller K such that K(z) € T(G, Py, Py) can be given as

K* = —Qj5(I — Pp@Q)~t.

Proof. Using equation (3.12a) and Q, = —I — 2~ ' A + 272Q;, we obtain Qs in terms of Q;
as follows

Qa=z""(A— Q1(z"'A-1))C]. (6.10)

Furthermore, using (3.7a) and Q1 = —I — 27 1A + 272Q);, we obtain Q3 in terms of Q; as
follows
Qs = 27 H(AB,) (A% — (z71A - DQ)). (6.11)
Using (3.17), Q4 can be defined in terms of Q; as follows
Qi= (AB,)'(-A’(z'"A— D)+ (z7'A-D)Q1(z 7" A= 1))C}. (6.12)
Using (6.10), (6.11) and (6.12), we can define Q in terms of Q; as follows
S A+ 22AQ1 YA - Q1R)C
2 Y(AB,)'(A2 = P.Q1) BlL(—A2P.+ P.Q\P,)C} (6.13)
_ 1381 +]51%1Q1P26%1

Regarding theorem 5, we can put the constraint to have a network realizable controller as
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for such Qy, controller can be synthesized as K = —Q4(I — P22Q4)~! such that K(z) €

T(G, Pu, Py) and results follow. O

Remark 6. It should be noted that when AB, does not have column rank deficiency or
Cy does not have row rank deficiency, problem (6.9) allows one to obtain optimal network
realizable controller. Otherwise, due to pseudo inverse usage, one may obtain sub-optimal
results. Therefore, one may benefit from problem defined in (6.4) to obtain an optimal
network realizable controller when there is column rank deficiency in AB, or row rank

deficiency in C,.

Now, benefiting a Lagrange multiplier we can write optimal network realizable controller
problem as follows

anlél || P11 — P12P81P21 - P12P1Q21Q1P2%1P21H+
1,4

B HA2(Z—1A D)= (TTA-DQ1(z7rA-T) + ABuQ4CyH (6.14)
st. Q1 € RHeo, Qu(2) € TG, Pu, Py).

Lagrange multiplier 8 should be chosen high enough to satisfy the constraint
HA2(Z_1A D GA-DO(A-T) + ABuQ4CyH —0. (6.15)

Moreover, problem (6.14) still can not be solved using existing solution methods to
have a solution in infinite dimensional space due to structural constraint on Q4. There-
fore, we benefit vectorization method to define an unconstrained optimal network realizable
controller problem.

Let vec(Q1(z)) = Wi(z) and vec(Q4(z)) = Si(2)Wi(z) be the vectorized elements of
Q1 and Q4 where Wi(z) € RH&%XI, Wy(z) € RHYY and Sy(z) contains the delay and
sparsity constraints imposed by the set T(G, Py, Py) (For a demonstration of how to obtain
systems Sy(z) and Wy(z) one can refer to section B.5.). Let Z4 = 2~ 'A — I. Now, we
can define the vectorized form of problem (6.14) as in the following problem which is an

unconstrained-problem-and can be solved in infinite-dimensional space.
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. vec(Pll — Plgpglpgl) (]52%1 ]521)T & (Plgpgl) 0 V_Vl
min -
W1,Wa BA%(z71A - 1) BZE @ Za —B(CE ® AB,)S4| | Wy
st. W1 €RHo, Wi€RHu
(6.16)
Let W € RHoo be the solution to problem (6.16) such that
2/,—1 T T i
Az A=) - 1ZT® Zs4 —(CI'® AB,)S, . =0 (6.17)
4

is satisfied, let Q} = vec(S,W;)~! and then one can obtain an optimal realizable controller
by K* = —Q;(I — P»Q;)~! such that K(z) € (G, Py, Py). After obtaining a network
realizable controller, we obtain a network implementable controller using the network im-
plementable state-space realization technique formulated in section 4.2, i.e. using block
diagram in figure 4.1 where V is network implementable state-space realization of V' which
is defined in (4.2) (V is function of K*.) and Pyy is as defined in (4.6).

It should be noted that in order to obtain the internally-stabilizing controller, (6.17)
need to be satisfied. Since (6.17) is a hard constraint for problem (6.16), 8 need to be
chosen big enough.

Problem (6.16) can be solved in infinite dimensional space using existing solution meth-
ods of Ha problem to have an Hs optimal network realizable controller. For existing solution
techniques of Ha problem, one may refer to [4], [5]. Moreover, provided optimal controller
problem can be used to obtain ¢; optimal network realizable controller using ¢; problem

solution technique introduced in [17].

6.3 Conclusion

In this chapter, we have defined a necessary and sufficient optimal network realizable

controller problem which is a constrained optimization problem. Benefiting a Lagrange
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multiplier and vectorization method, we defined optimal network realizable controller prob-
lem in the form of unconstrained Ho optimal problem wherein a solution can be obtained
in infinite dimensional space benefiting existing solution techniques of Hs problem. For
existing solution techniques of Hy problem, one may refer to [4], [5]. Moreover, provided
optimal controller problem can be used to obtain ¢; optimal network realizable controller
using ¢; problem solution technique introduced in [17].

After obtaining an optimal network realizable controller, one can obtain a network
implementable state-space realization benefiting the network implementable state-space re-
alization technique formulated in section 4.2. A demonstration of how to obtain a network
implementable controller can be found in appendix C.2. We provided a five-node and a
six-node numerical examples in sections 8.1 and 8.2 wherein optimal network realizable
controller problem formulated in this chapter has been solved and network implementable
controller obtained using the network implementable state-space realization method in sec-
tion 4.2. Moreover, we provided comparisons with other existing methods on those provided
numerical example sections. Regarding the results of optimal network implementable con-
troller orders obtained in sections 8.1 and 8.2, one can observe the efficiency of the optimal

network realizable controller problem obtained in this chapter.
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CHAPTER 7. SPECIAL RESULTS FOR STRONGLY CONNECTED
SYSTEMS

The result of this section was obtained before those of the previous sections which are
more general. Here, we decided to add them at this stage as they apply to the special case
where a network realizable controller is given or can be easily found. This is the case for
example of strongly connected networks.

In this chapter, we provide an alternative all stabilizing network realizable controller
parametrization. We first review the existing all stabilizing controller parametrization which
is a function of an initial controller. Afterwards, we provide all stabilizing network realizable
controller parametrization as a function of any network realizable controller Ky in the form
of —1ft(Ky,1ft(J,Q)) wherein J is a stable system as a function of Ky and @ is the Youla
parameter. We propose network realizable controllers in the form of delayed controllers for
strongly connected networks. This allows us to parametrize all stabilizing network realizable
controllers of strongly connected networks. Besides, one can benefit the network realizable
controller problem formulated in chapter 5 to have an initial network realizable controller
to parametrize all stabilizing network realizable controllers.

Moreover, we obtain a model matching problem and define an optimal network realiz-
able controller problem benefiting aforementioned all stabilizing controller parametrization.
After solving optimal network realizable controller problem, one can obtain a network im-
plementable state-space realization of it in two ways: 1) Obtain network implementable
realization of Ky, J and @ and synthesize the optimal network implementable controller as

—1Ift (K, Ift(J, Q)) wherein Ky, J and Q are network implementable state space realization
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of Ky, J and Q (K can be obtained as in section 4.2.). 2) First, obtain the optimal network
realizable controller as —1ft (Ko, Ift(J, Q)), then obtain a network implementable state-space
realization of this optimal controller benefiting the network implementable state-space re-

alization technique formulated in section 4.2.

7.1 An Overview on Optimal Network Realizable Controllers

The approach we have proposed in the previous chapters provides a unified general
and efficient way to obtain optimal network realizable controllers directly with network
realizable variables. Most of previous efforts like [28], [37] require an initial structured
controller to be found to solve optimal network realizable controller problem. In [28], an
initial network realizable controller was needed. Extension of this approach would need: 1)
a necessary and sufficient problem to obtain an initial network realizable controller, Ky, 2)
a network implementable realization of Ky, 3) a convenient parametrization of all network
realizable K’s like K = 1ft(J,Q)) where J is network realizable as a function of Ky. As
it will be shown in the following sections, we are able to obtain all stabilizing controller
parametrization as —1ft(Ky, Ift(J,Q)). So that, once the optimal network realizable con-
troller problem is solved for a network realizable (), optimal network implementable con-
troller can be obtained by obtaining network implementable realizations of Ky, J and Q.
Moreover, using the result of chapter 4, we can omit the step 2 (a network implementable
realization of Kj) and we can avoid to derive a realization of the initial stabilizing controller,
since we can obtain a network implementable controller after synthesizing the optimal net-
work realizable controller.

Obtaining an initial network realizable controller can be found using the network real-
izable model based controller (MBC) as proposed by [29] wherein a network implementable
realization technique of this MBC is also provided or using the network realizable controller
problem proposed in chapter 5. There are also cases like the strongly connected networks

where obtaining such controller is reasonably straightforward as shown later.

www.manaraa.com



58

7.2 A Review on All Stabilizing Controllers as a Function of an Initial

Controller

Herein, we review the all stabilizing controllers defined as a function of output feedback
controllers following [27], [28].

Let Ky be a stabilizing controller for the plant given in (2.11). It is shown in [40] that
parallel plants, P and K, admit a doubly coprime factorization. Let the maps Ny, Dy, Ny
and D; be defined as follows

N Ko(I — Py Kp) ™t KoPyo(I — KoPs2)™?
1= 5
— Py Ko(I — PyoKg)™! —Payo(I — KoPy2)™?
D (I — PyoKo)™!  Pyo(I — KoP2)™?
1= )
Ko(I — PQQK())_l (I — K()ng)_l (71)
D (I — K0P22)_1 —K()(I — PQQKo)_l
1= 5
—Pyo(I — KoPa2) ™t (I — PyKg)™!
Nl = Nj.

Then, a doubly coprime factorization of P; = blkdiag(Ky, —Pa2) can be given as P, =
NlDl_1 = Dl_ll\_fl satisfying

i =1, (7.2)
—N1 Dy N X4
with stable Xl, Yl, Xl, }71:
Xl Xl — Iny+ny
i 0 I, (7.3)

Theorem 7. [27] Let P be stabilizable and detectable plant. If there ezists a causal Ky
such that Ift(P, Ky) is stable, then set of internally stabilizing all controllers for P =

blkdiag( Ky, —

—P) is parameterized by
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K1(Q) = (X1 —QN1)~' (Y1 — QDy),
= (Y1 - DiQ)(X1 — NiQ) .
where X1, Y1, N1, D1, X1, Y1, N1, Dy are as in (7.1) and Q is stable. Moreover, all

(7.4)

stabilizing controllers of P can be parametrized as Ift(— Ko, —K1(Q)).

w z
——— Py | P
Py | Paa
K,
-K1(Q)

K

.....................................................

Figure 7.1 Block diagram of K = Ift(—Ky, —K1(Q)) in feedback with plant P.

7.3 All Stabilizing Controller Re-parametrization

In this section, we re-parametrize the controller parametrization given in (7.4) to avoid

the inverse operation in it.

Lemma 10. Let N1, D1, N1, D1, X1, Y1, X1 and Y; be the elements of Bezout-identity as
in (7.2), then K1 = (Y1 — D1Q)(X1 — N1Q)~ ! can be given as K1 = Ift(J1, Q) with a Jy
defined as follows
_ i -1
Ji = . (7.5)
I M

Proof. Using the Bezout identity, one can obtain D; = X; + X ~'Y] N;. Moreover, Y] can

be expressed as Y7 = )_(1_ vy, X, Using these, K1 can be re-parametrized as follows [5]
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K=Y —DiQ)(X1 — NiQ)™!
= (X7'NX - (X1 + X VIN)Q)(X — Q)
= X' (X1 = MQ) - Q)(X1 - MQ) ™ (7.6)
= X' M- - M@
=X/ - XU - X NQ) X

X' - X7MQ(I - X7 PNiQ) 71X ! is nothing but 1ft(.J1, Q) where J is defined as

_ X'y X!
Ji=|"" . (7.7)
XY X7t
Using definition of X1, X as in (7.3), we can simplify J; as in (7.5). O
Y 4 opy|Py —2
Pay | Py
Tk
_}71 T
—1|-N
—-Q
K !

........................................................

Figure 7.2 Block diagram of K = 1ft(— Ko, 1ft(—J;, —Q)) in feedback with plant P.

After solving model matching problem for a stable (), one can construct a controller

using .J; defined as in (7.5) as follows

K = 18t(— Ko, 1t (—Jy, —Q)). (7.8)
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Block diagram of K defined in (7.8) can be seen in figure 7.2. All stabilizing controller
parametrization given in (7.8) allows one to avoid the inverse operation given all stabilizing

controller parametrization in (7.4).

7.4 All Stabilizing Network Realizable Controller Parametrization as a

Function of Network Realizable Controllers

Herein, all stabilizing network realizable controllers are proposed as a function of network

realizable controllers benefiting the all stabilizing controller parametrization given in (7.8).

Lemma 11. Let the networked plant, P, as given in (2.11) which has a strictly causal inter-
action over the given graph G. For a given network realizable controller Ko € T(G, Py, Py)
of P, the set of all stabilizing network realizable controllers for P can be parametrized with

Q € gs(g27 [PyS Pu]a [Pu, Py]) as fOllO’LU

K = Ift(—Ko, ift(—J1, —Q)) (7.9)

with Ji which is network realizable system defined as in (7.5) where X1, Y1, X1 and Ny are

defined as in (7.1) as a function of Ko € (G, Py, Py).

Proof. K given in (7.9) parametrizes all stabilizing controllers for a given Ky which stabilizes
Py with Q € RHoo according to theorem 7 and in the view of lemma 10. Next, we show
that @ belongs to set (G2, [Py; Pul, [Pu; Py]) for a controller belongs to set T(G, Py, Py).

(“D”): For a given plant P € T(G,Py,Py) and Ky € %(G,Py,Py) which stabi-
lizes Pao, we have Ji € T5(G1, [Py; Pu; Pu; Pyls [Pu; Py; Py; Pu)) and when Q is in space
T5(G?, [Py; Pul, [Pu; Py]), we obtain a network realizable controller with controller
parametrization K = 1ft(— Ko, Ift(—J1, —Q)) € T(G, Py, Py).

(“C”):

Since we have the parametrization K = Ift(—Ko, Ift(—.J1, —Q)), we can equivalently
parametrize K as K = Ift(Ift(— Ko, —J1), —Q), let J = Ift(— Ko, —J1), then we have J €
T(G3 | PuiPuiPylstPyiRy; Pul), so controller can be parametrized as K = 1ft(.J, —Q) where
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-Q K

Figure 7.3 Block diagram of K = Ift(J, —Q) and Q = —Ift(J, K).

Q@ is stable. Let Q = lft(—j ,—K). Using input-output relations given in figure 7.3, we

obtain the following relationship between J(z) and J(z)

0 I, O 0 0 I,
0 0 I,|J(=) |, 0 o|JE=1I (7.10)
I,, 0 0 0 I, O

Since we have J(z) in set F(G3, [Pu;Pu; Pyl [Py Py; Pul), J(2) belongs to set
T(G3, [Py Pus Pyl, [Pu; Py Pul)- Therefore, Q = 1ft(—J,—K) belongs to set
(G2, [Py; Pul, [Pu; Py]) for a controller, K, belongs to set T(G, Py, Py). Since, Q@ € RHoo,
it belongs to set T5(G2, [Py; Pul, [Pu; Pyl)- O

Next section provides an optimal network realizable controller problem benefiting the

network realizable controller parametrization given in lemma 11.

7.5 Network Realizable Controllers for Strongly Connected Networks

In this section, we show a necessary and sufficient problem to have a network realizable
controller for strongly connected networks.

As it is shown in chapter 4, if a controller inherits the sparsity and delay constraints
of a given graph in z-domain, then it has a network-implementable state-space realization.
Since the strongly connected networked systems need to have only delay constraints in z-

domain, one can have a network realizable controller in the form of delayed controllers. The
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following theorem sets the necessary and sufficient conditions to have a network realizable

controller for strongly connected systems in the delayed system form.

Lemma 12. Let plant P be defined as in (2.11) be stabilizable and detectable, where the
graph G is strongly connected and let d be the longest path on G. Let K; = ss(Ak,, Bk;, Ck;,,0)

be a strictly proper stabilizing controller for z—(4=1) Py, Then,
K =2V, (7.11)
is a network realizable controller for Py on G.

Proof. Feedback interconnection of Py and K, i.e. Ift(Ps, K), is stable if (I — Py K)~!is
stable. Considering the equality (I — Py(z~ @ VK))™t = (I — (2= @D Py)K;) !, Py is
output feedback controllable if and only if P; = z~(d=1) p,, is stabilizable and detectable,
since the unstable poles of Py belongs to the set of unstable poles of Pss. It is trivial to show
the rank of observability matrix of P; is rank(Op,) = (d — 1)n 4 rank(Op,,) and the rank

of controllability matrix of P, is rank(Cp,) > rank(Cp,,), which completes the proof. O
Steps to find a delayed controller can be given as follows:
1. Let (Ag, By, Cy4,0) be state-space matrices of P; = 2= d=1)p,,.
2. Find F such that Az + BgF stable.
3. Find L such that Az + LCy stable.

4. Construct K; as

Ag+ BgF + LCy ‘ —L
(7.12)

F ‘ 0
5. Add delays to K;: K =z~ @V ;.

Since, a delayed controller as given in (7.11) inherits the delay constraints in z-domain for

a strongly connected network with longest path d, one can obtain a network implementable
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state-space realization of this delayed controller using the realization method introduced in

section 4.2.

Theorem 8. Let plant P be defined as in (2.11) be stabilizable and detectable, where the
graph G is strongly connected, let d be the longest path on G and, let n,, n, and n, be number
of states, inputs and outputs of the given plant, respectively. Let K; = ss(Ak,, Bk, Ck;,0)
be a strictly proper stabilizing controller for z=@=Y Py and define K := z~@"VK,. Let
Vi € G°(G%, Pay s [Pu; Pul, [Pe; Py]) be a network implementable state-space realization of Vy

which is defined as

I+ A(zI — A— B,KC,)™' A(zI — A— B,KC,)"'B,K

‘/d = 5
KCy(2I — A— B,KCy)™! K(I — PyuK)™!
= ~ ~ = ~ 0
and let Pyy = ss(0, {Inm Bu} , ,0), then K = [() Inu] V(I + PpVy)~! €
c, I,
S(G, Pasr Pu, Py) is a network implementable controller for the given strongly connected
plant.
Proof. Theorem 8 is a direct result of lemma 8 and lemma 12. O

Theorem 8 allows one to obtain network implementable controller for the given strongly

connected networked plant.

7.6 Optimal Network Realizable Controller Problem as a Function of

Network Realizable Controllers

In this section, we define a model matching problem and define an optimal network

realizable control problem for network distributed systems as a function of an initial network

realizable controller.
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The Hs optimal controller problem to obtain a centralized controller can be described

as follows

min ||Ift(P, K)||
(7.13)
s.t. K stabilizing.

Furthermore, we are interested in optimal network realizable controller. A network
realizable controller should be an element in ¥(G,P,,P,). Therefore, we can define a

optimal network realizable controller problem as

min ||1ft(P, K)||
(7.14)
st. K e€%(G, Py, Py), K stabilizing.

In lemma 11, we parametrized the internally stabilizing network realizable controllers
as a function of a network realizable Youla parameter. We are interested in solving optimal
network realizable controller problem in a convex way. Next, we formulate a model matching

problem to have the input to output map affine in Youla parameter.

7.6.1 Model Matching Problem

Herein, we provide a model matching problem to obtain input to output map affine in
@ where ) parametrizes all stabilizing controllers as given in (7.8).

One can define a model matching problem with the Bezout identity elements. Let N,
D, N and D be set of maps satisfy (2.15) such that Goy = ND~! = D~IN. Moreover,

closed loop map from w to z can be given as
Tow = G11 + G12K (I — G K) ' Gy (7.15)

using K(I — GyK)~' = (Y — DQ)D, closed loop map from w to z given in (7.15) can be

written as follows [5]
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T..=H+UQV
H = G11 + G12Y DGay,
(7.16)
V = DGo.
We benefit the doubly-coprime factorization of P; = blkdiag(Ky, —Ps2) where doubly
coprime factors, N1, D, ]\71 and 151 are defined as in (7.1) to define the model matching

problem by defining generalized plant as

-Pi1| 0 —Pio
G = 0 Ko 0 (7.17)
—P1 | 0 —Py

Now, we can define a model matching problem as follows using (7.16) and (7.17)

T =H+UQV
_ - 0
H = —P11 + |:0 —P12:| Yl-Dl )
— Py
_ (7.18)
U= [0 P12:| Dy,
_ - 0
V=D
— Py

For a given stabilizing controller Ky of plant P, using definitions of Dy and D; exist in

(7.1), model matching problem can be defined as in the following with a stable Q.

T = T11 + T12QT2

Ty = — P11 — PiaKo(I — Py Kg)  Pay,
T2 = P12K0(I— Pngg)_l P12(I — K()ng)_l ) (719)

Ko(I — PyKo) 1Py

—(I — PyoKp) Py
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Input to output map defined in (7.19) allows us to have T, affine in ) which will allow

us to define the optimal controller problem convex in Q).

7.6.2 Optimal Network Realizable Controller Problem

As shown in section 7.5, we can find a network realizable controller for strongly connected
networks as given in (7.11). Moreover, one can obtain a network realizable controller for any
network by solving necessary and sufficient network realizable controller problem given in
(6.16) . Using a network realizable controller, we can define an optimal network realizable
controller problem as in the following theorem benefiting the model matching problem

formulated in (7.19).

Theorem 9. Let the stabilizable and detectable networked plant, P be defined as in (2.11)
and let Ko € (G, Py, Py) be a network realizable controller of P. Let Ti1, Ti2 and Ta
be given as in (7.19) as a function of Ky. Then, an optimal network realizable controller

problem can be given as follows

min  ||T11 + T12Q 721 (7.20)

s.t. Q€ TG, [Py Pul, [Pus Py))

let Q* € T(G2, [Py; Pul, [Pu; Pyl) be a solution of (7.20), then an optimal network realizable
controller can be synthesized as K = Ift(— Ky, Ift(—J1, —Q*)) where and Jy is as defined in

(7.5) as a function of K.
Proof. Proof follows theorem 4 and lemma 11. ]

Problem defined in (7.20) is non-convex due to structural constraints imposed on Q.
Therefore, we benefit from the vectorization method as shown in [37]. Let vec(Q(z)) be
the vectorized elements of Q(2) € T°(G2, [Py; Pul, [Pu; Py]). One can write vec(Q(z)) as
vec(Q(z)) = S(2)W(z) for some W (z) € RHL! where S(z) contains the delay and sparsity

constraints imposed by the set T*(G2, [Py; Pul, [Pu; Py]) (For a demonstration of how to
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obtain systems S(z) and W(z), one can refer to section B.5.). Using the vectorization

method as shown in [37], we obtain

1T (2) + T12(2)Q(2) T (2)|| = [[vec(Th1(2)) + (T51(2) ® Tia(2))S(2)W(2)||  (7:21)
Now, problem in (7.20) can be equivalently written as

min |[vec(T11) + (T3] ® T12)SW]|
(7.22)

st. W e RHL!

which is a convex problem and can be solved using standard techniques. Problem (7.22)
allows one to obtain Ho optimal network realizable controller benefiting existing solution
methods of Hy problem wherein the solution lies in infinite dimensional space. For existing
solution techniques of Ha problem, one may refer to [4], [5]. Moreover, provided optimal
controller problem can be used to obtain ¢; optimal network realizable controller using ¢;
problem solution technique introduced in [17].

The procedure to obtain an optimal network implementable controller can be listed as
in the following method.

Method 1:

1. Find Ko € T(G, Py, Py) (If the given network is strongly connected network, one can
find Ky as in theorem 12. Otherwise, one may refer to network realizable controller

problem in (6.16).).
2. Obtain T11, T12 and T5; as given in (7.19).

3. Solve the problem in (7.22) for W* € RHo and obtain Q* = vec !(SW*) €
% (g27 [Py; Pul, [Pu; Py])-

4. Obtain a network implementable realization of Ky, Ko, using the block diagram in
figure 4.1 where V is network implementable state-space realization of V which is

defined in (4.2) (V is function of Kj.) and Py, is as defined in (4.6).
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5. Obtain the network implementable state-space realizations Q* and jl of Q* and J;

where J; is as in (7.5).
6. Obtain the optimal network implementable controller as K* = lft(—f(o, lft(—jl, —Q*))

Remark 7. Network implementable state-space realizations of stable network realizable sys-

tems can be obtained by the methods provided in [1] which is reviewed in section C.1.

One can also obtain an optimal network implementable controller K* as described in
the following method.
Method 2:

1. Apply the steps 1-3 in Method 1.
2. Obtain network realizable controller K* = 1ft(— Ky, Ift(—J1, —Q*)) € T(G, Pu, Py).

3. Obtain a network implementable state-space realization of network realizable K* us-
ing network implementable state-space realization technique shown in section 4.2, i.e.
using block diagram in figure 4.1 where V is network implementable state-space real-
ization of V' which is defined in (4.2) (V' is function of K*.) and Pyy is as defined in

(4.6).

It should be noted that results obtained in numerical example sections indicates that

one can obtain fewer controller order using Method 2 with respect to using Method 1.

7.7 A Comparison with Existing Optimal Network Realizable

Controller Problems

Optimal network implementable controller obtained using the optimal network realizable
controller problem described in theorem 9 has been compared with the controllers obtained
with existing optimal network realizable controller problems in section 8.2. By regarding
the results of optimal network implementable controller orders obtained in section 8.2, one

can-observe-the-efficiency of the optimal network realizable controller problem obtained in
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chapter 6. Optimal network realizable controller problem defined in theorem 9 is causing an
order inflation due to starting with an initial controller and due to size of the problem. It
should be noted that optimal network realizable controller problem in theorem 9 is actually
designed benefiting coprime factorization of parallel plants: plant and its controller which
is causing order inflation in the input to output map which is further affecting the orders of
the obtained optimal controller. Another reason for order inflation is that optimal network

realizable controller is function of three systems: Ky, J; and Q.

7.8 Conclusion

In this chapter, we have shown an alternative way to parametrize all stabilizing network
realizable controllers for networked systems. We have parametrized all stabilizing network
realizable controllers as a function of an initial network realizable controller. Moreover, we
have provided a necessary and sufficient network realizable controller problem for strongly
connected networks. We have formulated a model matching problem and defined a necessary
and sufficient optimal network realizable controller problem.

If the provided network is strongly connected, one can solve the provided optimal net-
work realizable controller problem (7.22) after obtaining an initial network realizable con-
troller benefiting theorem 12. Moreover, for any network, one can find an initial network
realizable controller using theorem 5, then optimal network realizable controller can be
obtained by solving proposed optimal network realizable controller problem in (7.22). Fur-
thermore, one can benefit network distributed controller problems defined in [29], [43] to
obtain an initial network realizable controller to solve the optimal network realizable con-
troller problem defined in (7.22). After, obtaining optimal network realizable controller, we
obtain a network implementable state-space realization using the network implementable
state-space realization methodology formulated in section 4.2. A numerical example for
strongly connected network has been provided in section 8.2 wherein comparisons with

existing methods provided.
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CHAPTER 8. NUMERICAL EXAMPLES

In this chapter we provide numerical examples for the optimal network realizable control
problems defined in chapter 6 and 7. Moreover, network implementable state-space realiza-
tion have been obtained using the network implementable state-space realization method

defined in section 4.2.

8.1 Numerical Example - 1

As an example, 6-node system has been chosen with given A, By, By, C., Cy, Dy,
Dy, Dy, as defined in equation (2.11) and this system’s graph is as in figure 2.1. State

space matrices are given as follows

[ 1.2 -05 04 -0.2 0 0 0.4 -0.3 0 0 0 0 ]
0.3 09 =01 03 0 0 -0.2 04 0 0 0 0
0 0 1.1 -0.3 0 0 0.2 -0.2 0 0 0 0
0 0 0.4 1 0 0 -0.2 03 0 0 0 0
04 0.2 0 0 0.8 0.5 0 0 0 0 0 0
A -0.1 0.3 0 0 0.3 1.2 0 0 0 0 0 0
- 0.2 —0.2 0 0 0 0 1.2 -05 04 -03 O 0 ’
-0.2 03 0 0 0 0 0.3 09 -02 04 0 0
0 0 0 0 04 —-0.3 0 0 08 -05 0 0
0 0 0 0 -0.2 04 0 0 0.3 1.2 0 0
0 0 0 0 0 0 0 0 04 -02 11 -03
| 0 0 0 0 0 0 0 0 -01 03 04 L
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_0.3 0 0 0 0 0 ] [ 1.2 0 0 0 0 0 ]
02 0 0 0 0 0 —-0.8 0 0 0 0 0
0 04 O 0 0 0 0 1 0 0 0 0
0 02 O 0 0 0 0 -0.7 0 0 0 0
0 0 04 O 0 0 0 0 0.8 0 0 0
By — 0 0 03 O 0 0 B, = 0 0 —-0.5 0 0 0 ’
0 0 0 03 O 0 0 0 0 1.1 0 0
0 0 0 01 O 0 0 0 0 -0.7 0 0
0 0 0 0 03 0 0 0 0 0 1.2 0
0 0 0 0 02 0 0 0 0 0 -0.8 0
0 0 0 0 0 04 0 0 0 0 0 1.1
| 0 0 0 0 0 03] | 0 0 0 0 0 —0.7]
-0.6 05 02 01 O 0 03 02 O 0 0 0 ]
0 0 05 04 O 0 02 01 O 0 0 0
o 03 01 O 0 08 06 O 0 0 0 0 0
o 02 01 O 0 0 0 05 04 03 01 O 0 7
0 0 0 0 03 02 O 0 06 05 0 0
i 0 0 0 0 0 0 0 0 03 01 08 0.6_
-0.4 -05 02 -03 O 0 03 —-02 0 0 0 0 ]
0 0 05 —-06 0 0 01 -01 0 0 0 0
o 02 —-03 0 0 06 —-04 O 0 0 0 0 0
! 03 —-02 0 0 0 0 05 —-06 02 -03 0 0 7
0 0 0 0 01 -01 O 0 04 —-05 0 0
i 0 0 0 0 0 0 0 0 0.3 —-0.2 0.5 —0.6_

D.., = blkdiag(0.15,0.25,0.2,0.2,0.15,0.25),

D.., = blkdiag(0.1,0.2,0.15,0.1,0.2,0.15),

D, = blkdiag(0.2,0.25,0.2,0.1,0.15,0.2).
Problem (6.16) has been solved and let W} and W; be the solution of it. @} has been
obtained as vec(S4W;)~! and optimal controller has been obtained using Q as K* =

—Q;(I— PyQ})~ . Afterwards, we obtained network implementable state-space realization
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of the optimal controller, K*, using network implementable state-space realizations V and
f:’QQ as K* = {0 ]nu} f/*(I + ]:322‘7*)_1 [0 ]ny]T € 6(G, Py, Py) which is realized as in
figure 4.1 where V and P» is defined as in (4.2) and (3.3), respectively. Py, is obtained
as given in (4.6) and V has been obtained using network distributed realization method
described in [19]. Order of attained optimal controller is 251 and the Ha cost has been
re-calculated as 1.419. Moreover, sub-controllers order’s are calculated as 59, 29, 49, 51, 56
and 7 for nodes 1 — 6, respectively.

Moreover, we obtained an optimal network realizable controller using the method in-
troduced in [43]. Realization of the obtained controller has been attained by both the
realization method shown in [43] and the network state-space realization method shown
in section 4.2 (see figure 4.1), it should be noted that for both of the realization meth-
ods, network implementable state space realization of stable systems have been obtained as
described in section C.1 and illustrated in C.2. Corresponding controller orders has been
calculated as 1021 and 454, respectively. One of the reasons of order difference is that while
the network implementable realization method of [43] is based on network implementable

realization of four stable systems, the network implementable realization method introduced

in section 4.2 is based on network implementable realization of two stable systems.

Table 8.1 Hso bound results of 6-Node System

K* Problem
Problem K* obtained by o(K*) | | Towl|3
- - 12 1.259
[43] [43] 1021 | 1.419

[43] 0 I,,]
(6.16) | [0 In,]

I+ PVt [0 I,,]" | 454 | 1419
“(T+PuV*~t[0 I,]" | 251 | 1419

< <
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Numerical Example - 2

Ky

Figure 8.1 A strongly connected distributed system which consists of 5 sub-systems and
their controller units interacting over a causal network.

As an example, 5-node system has been chosen with given A, B,,, By, C., Cy, Dy,

Dy, Dy, as defined in Eq. (2.11) and this system’s graph is as in figure 8.1. State space

matrices are given as follows

1.2 —-0.5 0 0 0 0 04 0.2 0 0

0.3 0.9 0 0 0 0 -0.1 0.3 0 0

02 -02 11 -03 04 -03 0 0 0 0
-02 03 0.4 1 -02 04 0 0 0 0

Ao 0 0 04 -02 08 -05 0 0 04 -0.3 7

0 0 -0.1 03 0.3 1.2 0 0 -02 04

0 0 0 0 0 0 1.2 -05 02 02

0 0 0 0 0 0 0.3 09 -02 03

0 0 04 0.2 0 0 0 0 1.1 -03
| 0 0 -0.1 03 0 0 0 0 0.4 1

www.manharaa.com




75

03 0 0 o0 0] (12 0 o o 0]
02 0 0 0 0 08 0 0 0 0
0 04 0 0 0 o 1 0 o0 o0
0 02 0 0 0 0O 07 0 0 0
s |0 0 04 0 o o fo 0 08 0 0|
0 0 03 0 0 O 0 -05 0 0
0 0 0 03 0 o 0o 0 L1 0
0 0 0 01 0 O 0 0 -07 ©
0 0 0 0 03 o 0 0 0 12
0 0 0 0 02 0o 0 0 0 -0

-0.6 05 0 0 0 0 02 01 O 0
03 01 05 04 03 02 0 0 0 0
C:=10 0 02 01 08 06 O 0 03 02,
0 0 0 0 0 0 06 05 03 0.1

o

0 02 01 O 0 0 0 05 04]

(04 —05 0 0 0 0 02 -03 0 0
01 -01 05 -06 03 —-02 0 0 0 0
Cy=10 0 02 -03 06 —-04 O 0 0.3 =02,
0 0 0 0 0 0 04 -05 01 -0.1

0 0 02 —-03 O 0 0 0 0.5 —0.6]

D.., = blkdiag(0.15,0.15,0.2,0.2,0.2),
D... = blkdiag(0.1,0.2,0.15,0.1,0.2),
Dy = blkdiag(0.2,0.25,0.2,0.1,0.15).

We found a network realizable controller, Ky € T(G, Py, P,) with the method introduced
in theorem 12. Using this Ky, we solved the optimal network realizable controller problem
given in (7.22) for W*. After that, using optimal W*, we obtained Q* = vec™!(SW*). We
obtained the optimal network realizable controller by K* = 1ft(—Kj, Ift(—J;, —Q*)) and
network implementable state-space realization, K* is obtained as described in Method 2 in

Obtained-optimal controller order is 364. Hs cost has been recalculated with
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K* and found as 1.316 and, each sub-controllers order’s are calculated as 53, 100, 77, 64
and 70 for nodes 1, 2, 3, 4 and 5, respectively. In addition, we also obtained the network im-
plementable optimal controller, K* € S(G, Pry, Pu, Py), by K* = Ift(— Ko, lft(—jl, —Q*))
using network implementable state-space realizations Koy, jl and Q*. For this case, we
obtained the order of K* as 691 and increase in optimal controller order, o(K*), is due
to separate realization of Ky, J; and Q*. These two different optimal control realization
indicates that obtaining realization of K* as defined in Method 2 in section 7.6.2 yields a
reduced controller order.

Moreover, we solved the sufficiency problem introduced in [43] to obtain optimal network
distributed controller problem, and the network implementable state-space realization has
been derived with both the method given in [43] and the block diagram in figure 4.1, and
controller orders found as 1176 and 398, respectively. These results show that network
implementable state-space realization method shown by figure 4.1 yields a smaller order.
One of the main reason of this is that while the network realization method of [43] requires
network realization of four stable systems, the network realization method as shown in
figure 4.1 requires network realization of two stable systems.

Furthermore, in order to obtain an Hs optimal controller in infinite dimensional space,
one can also solve the problem defined in (7.20) as a function of other initial network realiz-
able controllers. A convex solution to Ha problem in (7.20) can be provided either with the
vectorization method described in (7.22) or with the method described in [21]. For compar-
ison, we also obtained initial network realizable controllers by solving problems described
in [43] and [29], and network implementable state-space realizations, Ko, obtained by the
network implementable state-space realization techniques described in the corresponding
works. After solving optimal network realizable controller problem exists in (7.20), optimal
controller realizations have been obtained with both using 1ft(— K, lft(—jl, —Q*)) and the
method described in Method 2 in section 7.6.2. Results can be observed on table 8.2.

We also obtained optimal network realizable controller using the optimal network re-

www.manaraa.com



77

alizable controller problem formulated in (6.16). After obtaining the network realizable
optimal controller, we obtained the network implementable state-space realization using
the network implementable state-space realization technique shown in section 4.2 and the
order of network implementable controller has been found as 178. Results in table 8.2 shows

the efficiency of our formulated method in terms of optimal controller order.

Table 8.2 Hs bound results of 5-Node System.

Ko Problem K* Problem

Pr. Distr. S.S. real. | o(Ko) Pr. Distr. S.S. real. o(K*) | ||Tswl|3
- - - - - 10 1.134

- - - [43] [43] 1176 | 1.316

- - - [43] (4.7) 398 1.316
[29] [29] 325 | (7.20) | —Ift(Ko,1ft(J1, Q")) | 1027 | 1.316
[43] [43] 285 | (7.20) | —Ift(Ko,1ft(J1, Q%)) | 625 1.316
(7.11) (4.7) 202 | (7.20) | —Ift(Ko,1ft(J1,Q%)) | 691 1.316
[29] - - (7.20) (4.7) 536 1.316
[43] - - (7.20) (4.7) 361 1.316
(7.11) - - (7.20) (4.7) 364 1.316
- - - (6.16) (4.7) 178 1.316
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CHAPTER 9. MAIN RESULTS AND CONTRIBUTIONS

We formulated an all stabilizing controller parametrization benefiting a stably defined
congruent plant and its all stabilizing controller parametrization which does not require to
have doubly-coprime factorization of plants. Benefiting this parametrization, we defined a
necessary and sufficient problem to obtain an output feedback controller and provided a
two-step solution procedure for the formulated problem wherein a solution can be obtained
in infinite dimensional space. Moreover, we obtained necessary and sufficient problems to
attain a dynamic state-feedback controller and a dynamic state observer.

We provided a doubly coprime factorization of blkdiag(/, K) where K is a controller
of the given plant. We showed that if the given controller inherits the network’s sparsity
and delay constraints of the given plant, then using the formulated coprime factorization
of blkdiag(/, K), we showed that one can obtain network implementable state-realization
of the given controller benefiting existing network implementable state-space realization
method described for stable network realizable systems.

We formulated a necessary and sufficient network realizable controller problem for any
network distributed system such that solution lies in infinite dimensional space which is one
of the main contribution of this work. Furthermore, optimal network realizable controller
problem has been formulated as a convex unconstrained problem which can be solved using
existing solution techniques. Provided optimal network realizable controller problem does
not require to have a doubly coprime factorization of plant or an initial controller. Obtained
results with the provided numerical examples indicates that provided optimal network re-

alizable controller problem and the presented network implementable realization method
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allow one to obtain optimal network implementable controller in fewer orders with respect
to other existing problems and realization methods.

Furthermore, we provided an alternative way to parametrize all stabilizing network real-
izable controllers as a function of an initial network realizable controller benefiting existing
Youla parametrization. We showed that for strongly connected networks if the plant is
stabilizable and realizable, then there exists a network realizable controller in the form of
delayed controllers. Moreover, we defined a necessary and sufficient optimal network realiz-
able controller problem for network distributed systems as a function of an initial network
realizable controller. Using network realizable controller in the form of delayed controller
one can solve the provided optimal network realizable controller problem for strongly con-
nected networks. Moreover, in the case of network is not strongly connected, one can benefit
the network realizable controller problem provided in chapter 5 to have an initial network

realizable controller to solve the optimal network realizable controller problem.

9.1 Directions for Future Work

As future research work, we would be interested in studying network implementable
state-space realization of any given system which inherits the given graph’s delay and spar-
sity constraints of the given network. Moreover, one can investigate the ways to obtain
network implementable state-space realization of network realizable controllers in reduced
order. We are also interested in solving network realizable control problems more efficiently
without depending on the vectorization method. Moreover, for the larger sized networked
systems, distributed solution methods can be investigated to obtain the network realizable

controllers in a distributed fashion.
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APPENDIX A. ADDITIONAL PROOFS

In this section we will give proofs of some lemmas, theorems and corollaries which are

not given in the previous chapters.

A.1 Proof of lemma 1

Proof. = We will first show that for a stable Q, K = —Q(I — Py»Q)~! is an internally

stabilizing controller of stable plant Pss.

d(k) J A
e(k) " U(k)i 5 T 1) c, y(k)

Figure A.1 Block diagram of Pss in feedback with controller K.

Let 2 (k) be the noise of plant’s states, e(k) be the noise of output u(k), and d(k) be the
noise of input u(k) as in figure A.1. For an internally stabilizing controller, K, the input

!/

/
[% e d’] to output [m’ v u’] map needs to be stable. Let Z = (21 — A — B,KCy).

!
In a closed loop system, when all nine maps from [936 el d’] to [m’ y u’] :
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z! Z'B,K z7'B,
CyZ™'  PuK(I — PpuK)™' Pyl — KPyp)™! (A1)
KCyZ™1 K(I - PyuK)™!  KPyu(l— KPy)™!
are stable, then closed loop can be called as internally stable. Let Zg := (21 — A— B,QCy).

For K = —Q(I — P»Q)~!, maps in (A.1) can be equivalently given as

(zI —A)'Zg(zI — A)7' —(2I—A)'B,Q (2 —A)'Zg(zI — A)~'B,
Cy(zl — A)1 Zg(2d — A)7! —P»Q Pao(I — QPx) (A.2)
—QCy(zI = A)7! -Q —QPx

Since, the given plant Py is stable, for a stable (), nine maps given in (A.2) are stable.
Therefore, for any stable Q, K = —Q(I — P»2Q)~! is an internally stabilizing controller of
stable plant Pss.

< Now, we will show that if the given K is a controller of Ps, then K can be
parametrized as K = —Q(I — P»Q)~! with a stable Q.

Let us define Q := —K (I — Py K)™!, then @ is stable since K is stabilizing Psy. Sub-

stituting Q = —K (I — Py K)~ ! into —Q(I — PpQ)~!
—Q(I — PpQ)™" = K(I — PpK)™ (I + PnK(I — Pyp)~)™"
(A.3)
- K

which shows that with a stable @, controller can be parametrized as K = —Q(I — Py2Q)~*.

O
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A.2 Proof of corollary 1

Proof. We will show that using (3.12c), (3.7b) and (3.7a), we can have the linear relationship
between @1 and Q2 as in (3.12a), then equation set in (3.4) will be equivalent to equation
set in (3.13) and result will follow lemma 2.
Using (3.7b), we have
2 AB,Qs = —(271A - 1)Qs. (A.4)

Moreover, multiplying (3.12c¢) from left with 21 AB, brings in
2 ABQ3 (2 P A— 1)+ 2 P AB,Qu(271C,) = 0. (A.5)
Using (A.4), we can re-write (A.5) as follows
2 YABQ3(z A1) - (27T A-DQa(271Cy) = 0. (A.6)
So, using (A.6) one can obtain 271 AB,Q3 as follows
2 ABQs = (27TA - DQa(270) (2T A-T) T (A7)
Plugging in definition of 2~ AB,Q3 as in (A.7) into (3.7a) brings in
(z'A-DQ1+ (z'A-DQa(z7'C) (=t A-D) ! =1T. (A.8)

Finally, we obtain the (3.12a) by multiplying (A.8) from right with (27*A — I) and from

left with (z71A — )7L, O

A.3 Proof of lemma 3

Proof. Existence of Q1 € RHs and Q3 € RHo which make the objective of (3.30) zero,
equivalently means that there exists a stable right inverse of X := [Z—l A—T 21 Bu:|
which can be true if and only if rank(X) = n,, for all z € C with |z| > 1. For all z € C
with |z| > 1, rank of X can be equivalently find by rank of X := [ A— 2T Bu] . Moreover,
PBH test for stabilizability states that pair (A, B,) is stabilizable if and only if X has rank
ng for all z € C with |z| > 1. Therefore, we can conclude that pair (A, B,,) is stabilizable if

----- i ists-a solution of (3.30) such that its objective is zero. O
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A.4 Proof of lemma 4

Proof. Existence of Q1 € RHoo and Q2 € RHoo, which makes the objective of the (3.31)

27A—T
zero, equivalently means that there exists a stable left inverse of X = which
z_le
can be true if and only if rank(X) = ny, for all z € C with |z| > 1. Moreover, rank of X
—z
can be equivalently found by rank of Y = for all z € C with |z| > 1. PBH test
Gy

for detectability states that pair (A, Cy) is detectable if and only if Y has rank n, for all

z € C with |z| > 1 and result follows. O

A.5 Proof of corollary 4

Proof. Corollary 6 proves that there exists a zero norm solution to (3.38) if and only if there
exists a zero norm solution to (3.35). Since (3.35) and (3.30), and (3.38) and (3.32) are
same problems, by regarding corollary 6, it follows that there exists a zero norm solution
to (3.30) if and only if there exists a zero norm solution to (3.32). Corollary 3 claims that
given plant or the pair (A, B,,) is stabilizable if and only if there exists a zero norm solution
to (3.30). Therefore, given plant or the pair (A, B,,) is stabilizable if and only if there exists

a zero norm solution to (3.32). O

A.6 Proof of corollary 5

Proof. Corollary 7 proves that there exists a zero norm solution to (3.39) if and only if there
exists a zero norm solution to (3.37). Since (3.37) and (3.31), and (3.39) and (3.33) are
same problems, by regarding corollary 7, it follows that there exists a zero norm solution
to (3.31) if and only if there exists a zero norm solution to (3.33). Corollary 4 claims that
given plant or the pair (A4, Cy) is detectable if and only if there exists a zero norm solution
to (3.31). Therefore, given plant or the pair (A, Cy) is detectable if and only if there exists

a zero norm solution to (3.33). O
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A.7 Proof of lemma 5

Proof. Since Pf given in (3.34) is stable, dynamic state-feedback controllers of Pf can be
parametrized as F = —Q(I — PfQ)_l with Q € RH« according to lemma 1. In order to
have a stabilizing F also for plant Pag with Cy, = I, we need to find a @ which induces a

_ In, _
structured F = | | such that Ift(Py, F') is stable.
F

Using parametrization F' = —Q(I — P;Q)~! :

I, 2
= - ?1 (I - [z‘lA z_lBu]
F Qs

) (A.9)

1
Multiplying (A.9) from right with (I — {Z—l A 21 Bu] | ) allows us to write the fol-

Q3
lowing equations
I— Z_lAQ_l - Z_lBqu = _Ql (AlOa)
F(I—2""AQ1 — 27 'B,Qs) = —Qs (A.10Db)
Using equation (A.10a) we obtain the equation
(z'A-DQ, +27'B,Q3=1 (A.11)
Moreover, using (A.10a), equation (A.10b) simplifies to
—FQi1 =—-Q3 (A.12)

Therefore, if there exist feasible Q1 € RHoo and Q3 € RHo which satisfy (A.11), then we
can obtain F as F = Qng_l. O
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A.8 Proof of lemma 6

Proof. Since P, given in (3.36) is stable, dynamic state observer of P, can be parametrized as

L

—(I-QP,)'Q with Q € RHs according to lemma 1. In order to have a stabilizing L
also for plant Pyy with B, = I, we need to find a ) which induces a structured L = [Inz L]
such that 1ft(P,, L) is stable.

Using parametrization L = —Q(I — P,Q)~! :

[I””” L] :_(I_{Ql Q2] o )~ [Ql Qg] (A.13)

~1
z
Multiplying (A.13) from left with (I — [Ql QQ] ) allows us to write the following

z_IC’y
equations
I—2'Q1A—271Q:C, = -4 (A.14a)
(I—2'Q1A—271'Qy)L = —Q3 (A.14b)

Using equation (A.14a) we obtain the equation
Qi(z'A—1)+27'QyB, =1 (A.15)
Moreover, using (A.14a), equation (A.14b) simplifies to
— Q1L = —Qo. (A.16)

Therefore, if there exist feasible Q1 € RHoo and Q2 € RHs which satisfy (A.15), then we

can obtain L as L = QI1Q2. O

A.9 Proof of corollary 6

Proof. For a given F, using parametrization Q = —F(I—Pfﬁ)_l, we have that Q; = —2Z~!

and Q3 = —2KZ ! where Z = z2I — A — B,F. Therefore, Q; € RH satisfying (A.11)
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admits a form Q := —1I —i—z*lQl wherein Ql is stable and casual, so we can re-write (A.11)
as follows

(zTA-D)(-T+27'Q1) + 2 'B,Q3 = I. (A.17)

which simplifies to

— A+ (z"A=1)Q, + B,Q3 = 0. (A.18)
A feasible solution to (A.18) must satisfy the following
— LA+ L(z"*A-1)Q, = 0. (A.19)

Therefore, there exists a state-feedback controller if and only if there exists a feasible solution
to (A.19) such that Q1 € RHoo, which equivalently makes the objective of (3.38) zero. Let
Q* be a feasible solution to (A.19), then using (A.18), Q} can be recovered as Bi(A—(z"*A—
I)Q‘l‘) Then, a dynamic state controller can be synthesized as F' = Qg(z_1Q1 —I)~! by

regarding lemma 5. O

A.10 Proof of corollary 7

Proof. For a given L, using parametrization Q = —(I — LP,)"!L, we have that Q; = —2Z~!
and Q2 = —2Z 'L where Z = 21— A—LC,,. Therefore, Q1 € RHo satisfying (A.15) admits

a form Q) = —I 4 27 'Q1, so we can re-write (A.15) as follows
(zTA-D) (=14 271Q1) + 271Q2Cy = 1. (A.20)

which simplifies to

— A+ (z7'A-D)Q1 4+ Q2C, = 0. (A.21)

A feasible solution to (A.21) must satisfy the following
— AR+ Qi(z'A-T)R=0. (A.22)

Therefore, there exists a state observer if and only if there exists a feasible solution to (A.22)

hich equivalently makes the objective of (3.39) zero. Let Q% be a
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feasible solution to (A.22), then using (A.21), Q2 can be recovered as (A—Ql(zflA—I))C;.
Then, a dynamic state observer can be synthesized as L = (z_lQ‘l‘ — I)7Q% by regarding

lemma 6. O

A.11 Proof of lemma 7

Proof. As shown in proof of 2, one can parametrize blkdiag(l,,,K) as —Q(I — PyQ)~!
where Q € RH satisfies the equalities in (3.4). By defining V := —Q and W := (I — P»Q),
we can express K = —Q(I — Py2Q) as VIW~L. To be able to define V, we will find definition
of Q in terms of K which satisfies equations (3.4).

As it is given in (3.10), we can express Q4 as Q4 = —K (I — Py K)™'. Moreover, using
(3.12¢c) and Q4 = —K(I — PyyK)™! | we can express Q3 in terms of K using as in the

followings

Q3 = QuCy(zl — A)7!
= —K(I —Cy(2I — A 'B,K) 'Cy(2I — A)7!
(A.23)
= —KCy(I — (21 — A)'B,KC,) (2 — A)~!
= —KCy(zI — A— B,KC,)™*
Moreover, by plugging the definition of ()3 obtained in (A.23) into (3.7a), we can express
Q1 as follows
Qi=(tA-D"'—21zA-1)TAB,Q3
= t'A-D 42 A-T) T ABKCy (2] — A - B,KCy) 7! (A.24)
=—1—A(2I — A— B,KC,)™*

Furthermore, using (3.7b) and Q4 = —K (I — P2 K)~!, we can express Q3 in terms of K as

in the following
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Q2 = (2] = A)T'AB,Qy
= —(2I — A) ' AB,K(I — Cy(2I — A)"'B,K)™*
(A.25)
= —A(2I — A)"YI - B,KCy(2I — A" 'B,K
= —A(2I — A— B,KC,) 'B,K

Using (3.10), (A.23), (A.24) and (A.25), we can express () as follows

_ |-I-AZ7' —AZ'B,K
Q= . (A.26)
-KCyZ™! —K(I - PK)™!

Therefore, using definition of V' = —@Q, we obtain V as given in (4.2). Also, using definition
of W = (I — Px»Q), we obtain W as given in (4.2). Instead of showing W = (I — PyQ)
is equivalent to definition of W given in (4.2), we shortly show that W defined as in (4.2)

satisfies the equality V = KW
V=KW

I 0| |[I+AZz7Y' AZ7'B,K
0 K CyZ 1 (I —PpK)™! (A.27)

I+ AZ1! AZ'B,K

KCyZ=t K(I - PypK)™!
Moreover, we can equivalently parametrize K as
K=—(1-QP»)'Q (A.28)

Let us define V := —Q), so we obtain the V defined in (4.2). Also, define W := (I — QP»»)
which is equivalent to W given in (4.2). Instead of showing W = (I — QPy2) is equivalent

to W in (4.2), we shortly show that W defined as in (4.2) satisfies the equality V = WK:
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V=WK
I+Az7Y AZ7'B, I 0
KCyZ7' (I—KPy)'| |0 K (A.29)

I+ AzZ71 AZ7'B,K

KC,Z™' (I—KPyp) 'K

P P
Next, we will show that equality (4.3) holds. Let ® be defined as ® := b
O3 Dy
Then, we have
D Dy I 0
= (A.30)
oy B, 01
1. First, we will show that ®; = XW — YV = I holds.
o1 @2 I0
(I)l = = (A31)

o3 o} 0 I
P =T+AZ ' —2tA— 1A% 727 - 7 'AB,KC,Z7!
=(Z+A-2AZ - ANz
=271

=1
Using equality K(I — PK)™' = K + KC,Z 1B, K, one can obtain the followings

®? = AZ'B,K — 2 'A’Z7'B,K — 2 'AB,K(I — PpK) ™}
=(A-21'4%> - 2'AZ - »7'AB,KC,)Z'B,K
=0.
»=0,2"'-z2"'0, - 'CyAzt - 7 CyB,KCyZ !

=(Cy—z'CyZ -2 *'CyA - 2"'C B, KC,)Z !
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Using equality AZ 'B,K = A(zI — A)"'B,K (I — P»K)™!, one can obtain the following
equalities

¢l =(I-PK) "' —2'Cy(AZ'B,K + B,K(I — Ppa K)™ 1)
I —2'CyA(zI — A)'B,K — z‘leBuK] (I — PopoK)™"

-
[I 2710y (2] — A)~ (ABuK—i—(zI—A)BuK)] (I - PpK)™!
= 1= Cy(z1 = A BK| (T = PnK) ™!

=1

2. &y = XY — Y X =0 is an immediate result of X = X and Y =Y.
3.Equalities KW =V and WK = V can be observed trivially, which yield VW ! =
W~V and therefore, we have ®3 = VW — WV = 0.
4. Now, we will prove the equality ®; = —VY + WX = I.
o o2 I 0

By = _ (A.32)
3 Pl 0TI

O =-—2'A- 2 AZ A - 2P AZT I BUKCy + T+ AZTH
=2 'AZ N N - A~ B,KC,) — 2z A+T
=1.
Using equality K (I — Py K) ! = K + KC,Z ' B,K, one can obtain the followings
ot =—2'I+AZ HAB, - > 'AZ'B,KC,B, + AZ B,

=—21'AB, + 2 'AZ (21 - A- B,KC,)B,

=0.

P} =—2'KC,Z'A~2'K(I - PpK) 'C,+ KC,Z™*
-2 'KCyZ'A- 21 (K + KC,Z 'B,K)C, + KC,Z™*

=2"'KCyZ (2 - A— B,KCy) — 2 'KC,
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Using equality K(I — PuK) ' = K+ KCyZ 'B,K and (I — KPa) ™' = I+ KCy(2I —
A — B,KC,)"1B,, one can obtain the followings

o} =— 2 'KC,Z'AB, — 2 'K (I — Py K) ' CyBy + (I — KPy)™*
=-2'KC,Z'AB, — » YK + KC,Z 'B,K)CyB, + I
+ KCy(2I — A— B,KC,) 'B,
=2 'KZ Y2 — A— B,KCy)B, — 2 ' KCyB, + I
=I.
These derivations proves that ® = I is satisfied.
Moreover, since Q is stable, V and V are stable by their definition. Moreover, since Py
is stable, then W = I — PQ and W = I — QP»y are also stable. Furthermore, we have

shown that (4.3) holds. Therefore, if K stabilizes Pa2, then a doubly coprime factorization

of K = blkdiag(I,,,K) can be given as K = VW~ = W1V, O
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APPENDIX B. EXTENSIONS

B.1 Controllers of Continuous Time Systems

For a given continuous time system z(t) = Az(t) + Byu(t), for a sampling period of T,

its discrete time system can be given as z(k + 1) = Agz(k) + Bqu(k) where

1 1
Ag=eT =T+ AT + 5A2T2 + §A3T3 + ...

T
1 1
By = / eA"B,dr = B,T + 5ABuT2 + 5A?BUT3 + ...
0 . .

For a given structured A € S(A(G), Pz, Py) its structure does not preserve for the terms
A™ for m > 1, therefore discretization does not preserve the network structure which should
be avoided for the networked structured systems.

To obtain all stabilizing controllers of continuous time systems, Py, and K needs to be

chosen different than Pyy defined in (3.3). One may choose

_ (s+a)"tA (s+a)tAB,
Py =
(s+a)~'Cy (s+a)~'CyB,

with K = blkdiag(s~!(s + a)I,s (s + a)K) wherein a is any a € R* and then follow the
proof of lemma 2 to obtain all stabilizing controllers for continuous time systems.
Moreover, on Hsy optimal control problem of continuous time systems, closed loop map

needs to be strictly proper, i.e. D,y + D,y DDy = 0.
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B.2 Output Feedback Controller Problems for Special Cases

In this section we will provide controller problems for the cases of "null space of (AB,)7

»on

is empty”, "null space of Cy is empty” and "null spaces of both (AB,)T and Cy are empty”.

Corollary 10. Let the plant be as given in (2.11). Let AB, be such that null space of
(AB,)T is empty and let Cy be such that null space of Cy is not empty. Let R be a concate-
nation of null space vectors of Cy. There exists an internally stabilizing controller, if and

only if there exists a Q1 which makes the objective of the following problem zero.

min H—A%{+Qﬂz4A—Iﬂﬂ2
@ 2 (B.1)

st. Q1€ RHMo
Moreover, let Q*{ be a solution to (B.1) such that objective of (B.1) is zero, and let Q} =
(AB,) Y(=A2(z"A- D)+ (7 '"A-DQ% (2 "A - I))C;, then an internally stabilizing can

be given as K = —Q3i(I — PyQj) L.

Proof. Proof follows corollary 3. O

Problem (B.1) is in the form of H, problem and existing solution methods of 2 problem

can be used to have a solution in infinite dimensional space.

Corollary 11. Let the plant be as given in (2.11). Let AB, be such that null space of
(AB,)T is not empty and let Cy be such that null space of Cy is empty. Let Lt be a
concatenation of null space vectors of (AB,)T and define L := L%. There exists an inter-
nally stabilizing controller, if and only if there exists a Q1 which makes the objective of the

following problem zero.

-2
min H—LAQ—G—L(Z_IA—I)QlH
@ 2 (B.2)

s.t. Q1€ RHoo
Moreover, let Q’{ be a solution to (B.2) such that objective of (B.2) is zero, and let Q} =
(AB)'(-A?(z:"A-1) + (27 "A-DQt (2 A — I))C'y_l, then an internally stabilizing can

be given as K = —Q4(I — P22QZ)_1'
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Proof. Proof follows corollary 3. O

Problem (B.2) can be solved as a classical Ha problem to have a solution in infinite

dimensional space.

Corollary 12. Let the plant be as given in (2.11). Let A, B, and Cy be such that null
spaces of both (ABy,)T and C, are empty. Let Q1 be any system in space RHZz>Me  Let
Q4= (ABu)_l(—A2(z_1A—I)+(z_1A—I)Q1(z_1A—I))Cy_1, then an internally stabilizing

controller can be given as K = —Qu(I — Py2Qq)~ .
Proof. Proof follows corollary 3 O

By regarding corollary 12, one can trivially give a stabilizing controller for plant P as
K = —Q4(I — PyQ4)~ " wherein Q = —(ABu)_1A2(2:_1A—I)C'y_1 when A, B, and Cy are

such that null spaces of both (AB,)T and C, are empty.

B.3 Alternative Controller Problems

Controller problems given in chapter 3 whether requires to use vectorization technique
or two-step solution procedure as in given in theorem 3 to attain a solution in infinite
dimensional space. In this section, we propose alternative methods to obtain a controller
in one step. While the problems given in chapter 3 are necessary and sufficient problems to
obtain a controller, problems given in this chapters are sufficient problems. If there exists
a solutions to the problems given in this chapter then one can obtain a controller for the

given plant.

B.3.1 Alternative Controller Problem - 1

In this section we propose an alternative problem to solve the controller synthesis prob-

lem in one step.
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Corollary 13. Let the plant be as given in (2.11). Let AB, = UBSBVg and Cy = UCSCVg
Sp
be singular value decompositions of AB, and Cy, such that Sp = and Sg =

Onz_nu N

{SC Ony,nz—ny]- Let @(Ql) be defined as
0(Q1) = -A2(zTA-I)+ (A - )1 (z 1A~ I). (B.3)
Let Q(Q1) be defined as follows

Q) = 1(Q1) 2(Q1) — U0 (V) (B.4)

Q3(Q1) Qu(Qn)

where Ql(Ql) € RH™™ for a Q1 € RHoo. There exists an internally stabilizing con-

troller, if and only if there exists a Q1 which makes the objective of following problem zero.

4 -2
min Z; ‘ Qi(Ql)H2 (B.5)
s.t. Ql € RHoo

Moreover, let Qf be a solution to (B.5), and Q} = (ABU)T@(Q’{)CJ, then, an internally

stabilizing can be given as K = —Q}(I — P22QZ)_1-

Proof. If we multiply (3.17) from left with U;l and from right with V- 1 we obtain the

following

Ug' | -2z YA - D)+ (2 PA— D)1 (1A - D)| V!

a0 (B.6)

=Upz'AB,Q4C,\V5 ' =
0 0
Since for a Q1 € RHoo, Q1 is in space RHoo, we need to only solve for zero equalities in

(B.6). Therefore, constraint given in (3.17) can be equivalently written with the constraints

set: Q9(Q1) =0, Q3(Q1) = 0 and 24 (Q1) = 0, and results follow corollary 2. O
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In order to be able use the existing Ho solution methods, minimized function need
to be affine in variable, i.e. in the form of H + UQV for some H, U, V wherein @ is
variable. As it can be noticed, problem given in corollary 13 is not in this form, hence,
classical solution methods can not be applied. Therefore, one may take advantage of the
vectorization method as shown in [37] to attain an equivalent of minimized function where
existing solution methods of Ho problem can be applied.

Next, we propose an alternative problem to solve an internally stabilizing controller
problem by taking equation (B.6) into consideration to find an internally stabilizing con-
troller by avoiding vectorization method.

Multiplying left hand side of (B.6) from left with I,, and from right with I, brings in

LU (A= DQr(z A= 1) — A2(z 1A — 1)] Vel

E%Ql(Ql) 6192(Q1) (B.7)

e193(Q1)  Qu(Q1)

2

If we put equation (B.7) through minimization, €2 ’Ql(Ql)HQ possesses a negligible magni-

tude for a small enough €; € RT. Therefore, one can subject (B.7) to norm minimization

in search of a controller.

Proposition 1. Let the plant be as given in (2.11). Let ¢; € RT be small enough. Let

AB, = UBSBVE and Cy = UCSCVCT be singular value decompositions of AB, and Cy, such

Sp
that Sg = and S¢c = [gc Ony7nz—ny]' Let I, = blkdiag(ei 1, In,—n,) and
Onx—nu,nu

I, = blkdiag(e11,,, Iy, —n,). Let Ho = LUz (—AX(z*A- 1)V 'I,, Ug = LUZ (71 A-

I) and Vo = (Y A— V51, Let Q73 be a solution of the following problem

~ 2
min “HQ+UQQ1VQ“
@ 2 (B.8)

s.t. Q1 € RHwo.
Let Q) = (ABu)TG(QT)CJ where ©(Q) defined as in (B.3). If Qf makes the constraint

-2 - - -
Z?:z HQz(Ql)’ , <@ satisfied, where Q2(Q1), Q3(Q1) and Q4(Q1) are as defined in (B.4)
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for a negligibly small e € RY, then an internally stabilizing controller can be given as

K= —QZ(I — PQQQZ)_l.
Proof. Proof follows corollary 3. O

Problem defined in (B.8) is an unconstrained Hg problem which can be solved us-
ing standard techniques to find the solution. If the results of the problem (B.8) satisfies

4
S|

-2
Qi(Ql)H2 < €9 for a negligibly small €5, than one can attain a controller.

B.3.2 Alternative Controller Problem - 2

In this section, we will propose another relaxed method to find stabilizing controller to

solve the control synthesis problem in one step by avoiding vectorization method.

Corollary 14. Let the plant be as given in (2.11). Let ®(Q) be defined as follows

_ 2 1A—T 0 2 1A—T 2714B,| _|z7'A—-T 0
P(Q) = - Q
0 Qu 0 I 7oy, I

There exists an internally stabilizing controller, K = —Q4(I — PsQ4)™', if and only if there

_ @ Q
erists @ 1= b which makes the objective of following problem zero.
Qs Q4
. =112
min | ®(Q)],
@ (B.9)
s.t. Q€ RHoo-

Proof. There exists a controller if and only if there exists a feasible Q € RH which satisfies

the equality constraints given in (3.4) according to lemma 2. Multiplying (3.4a) from left

2TA T
with yields

=z 'A-1I (B.10)
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Moreover, multiplying (3.4b) from right with |14 — 1 714 B, | also yields equation
(B.10).
After multiplying (3.7b) with z~1C,, from right, we subtract it from (B.10) and obtain

the following
(z'A-DQ1(z'A-1)+ 27" AB,Q3(z: " A—- 1) =2"1A - 1. (B.11)

Multiplying (B.11) with (27'A4 — I)~! from right brings in (3.7a). Therefore, equation
constraint pair (3.7b) and (3.7a) can be replaced with (3.7b) and (B.10).
Moreover, after multiplying (3.12c) with z~!AB,, from left, we subtract it from (B.10)

and obtain the following
rA-DQETTA-D + 27 ' A- D)0y = 27 A~ I (B.12)

Multiplying (B.12) with (27*A — I)™! from left brings in (3.12a). Therefore, equation
constraint pair (3.12c) and (3.12a) can be replaced with (3.12c) and (B.10). Therefore,
constraint set (3.12c), (3.7b), (3.7a) and (3.12a) can be equivalently solved with (3.12c),
(3.7b) and (B.10). Moreover, one can write constraint set (3.12c), (3.7b) and (B.10) as in

the following

= (B.13)

Therefore, a feasible Q € RHo, which satisfies (B.13) is a feasible solution of (3.4) which
can be equivalently found by problem B.9 if there exists any, therefore results follow lemma

2. O

Problem in (B.9) is in the form H(Q4) + UQV, to be able to solve the problem using
existing solution methods of Hs problem, we need also a H which does not depend on Q4.

Therefore, we propose next a relaxed problem for (B.9).
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Proposition 2. Let the plant be as given in (2.11). Let ¥(Q) be defined as follows

27 YA-T 0 2 YA—-T 27'AB, 3 2 TA-T 0

v(Q) = -
0 0 0 el z_ICy el
There exists an internally stabilizing controller, K = —Q4(I — PyQ4)~", if there exists a
~ Q1 Q2 , ,
Q= which solves the following problem for small enough €1 and €
Qs Qu
. A0 112
min | W(Q)]],
@ (B.14)
s.t. Q€ RHoo.
such that
2
1 1 |tA-T
H [I 0] - [z‘lA—I z‘lABu] Q| + -Q < €. (B.15)
2 0 z~tc,
2
Proof. Proof follows lemma 2 and corollary 14. O

Problem defined in (B.14) is an unconstrained Hs problem which can be solved using
standard techniques to find the solution. After solving problem (B.14), one need to check
if the inequality constraint given in (B.15) is satisfied. Let @} be a solution to problem
(B.14) such that (B.15) is satisfied, then one can obtain the corresponding controller as

K = —Qi(I — Pp@}) .

B.4 An Alternative Doubly Coprime Factorization of Controllers

In this section, we will provide an alternative doubly coprime factorization of K bene-
fiting another stably defined plant.
Besides the stably defined congruent plant defined in (3.3a), we can obtain another

stably defined congruent plant, Py as in figure B.1 and its input to output maps can be

given as follows

Py = (B.16)
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i(k) o(k)
A
k) B, 27t Cy i(lf)

Figure B.1 Block diagram of 1522

Then, feedback interconnection of plant Psy and controller K can be written as feedback
interconnection of Py and K = blkdiag(I,,, K).
Next, we show an alternative doubly coprime factorization of K benefiting definitions

of K and P.

Corollary 15. Let K be a stabilizing controller of Py = ss(A, By, Cy,0) and n, be the

s

order of Pyy. Let K be defined as K = . Define Z = (2I — A — B,KCy) and let

0 K
the set of maps M, N, M and N be defined as follows

I+ AZ ! 7 1B, K

M=M= ,
KCyZ7'A K(I — PyuK)™!
(B.17)
I+Az7Y  Z7'B,K 5 I+ Azt Z71B,
CyZ 1A (I - PpK)™! KCyZ7'A (I — KPy)™!

Then, a doubly-coprime factorization of K can be represented as K = MN~' = N~1M

satisfying

X -Y||N Y I 0
o= - (B.18)
- N||M x| oI

_ _ _ _ 2 1A 2 1B,
with stable X, Y, X and Y defined as X =1, X =1,Y =Y = .
z_leA z_lc’yBu
Proof of corollary 15 is omitted due to its similarity to proof of lemma 7. In the next

ize controllers with set of maps obtain in corollary 15.
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Corollary 16. For a given plant Py = ss(A, By, Cy,0), let Pyy and M be defined as in
(B.16) and (B.17), respectively. Then, a controller K of the given plant can be parametrized

as

R 0
K = [o IM] M(I 4+ PyyM)™t : (B.19)
In

Y

Proof. This corollary is direct result of corollary 15 and the equality N = (I + Pyo M ). O

In the next corollaries, we show that K € %(G,P,,P,) is network realizable con-
troller of system P3, = ss(A,B;,C;,0) € 6(G, Py, Py) wherein A € S(A(G), Py, Ps),
B2 € S(A(G), Pz, Py) and C’g € S(I, Py, P.) are state-space matrices of Pj, and moreover,

there exists a network implementable state-space realization of K over the given network.

Corollary 17. Let A € S(A(G),Ps,P2), B € S(A(G), Ps,Pu) and C; € S(I, Py, Py)
be state-space matrices of Pg,, i.e. P2, = ss(A, BZ,CS,O) € 6(G, Py, Py,Pu). Let K €
T(G, Pu, Py) be an output feedback controller for P3,. Then, there exists a network imple-

mentable state space realization of K € T(G, Py, Py) over the given network.

Proof. For agiven K € T(G, Py, Py), M given in (B.17) belongs to set T°(G2, [Py; Pul, [Pu; Pyl)-
According to theorem 1, there exists a network implementable state-space realization of
M € T5(G?, [Ps; Pul, [Px; Py]) and let M be the network implementable state-space re-
alization of M € T°(G2, [Py; Pul, [Px; Py]). Moreover, network implementable state-space

realization of Pj, can be given as follows

X Inz
Py = SS(Oa |:A Bu:| ) 70) (B2O)
Cy
According to corollary 16, we can define the controller as in (B.19). Therefore, using network

implementable state-space realizations M and Pyy, we obtain the network-implementable

controller, K as
K = [0 Inu] M(I + PypM)™! : (B.21)

O
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A block diagram of network implementable controller realization in (B.21) can be given

as in figure B.2.

) 0 - u
[1 ] - M o r,J—
Ty

‘ P22

Figure B.2 A block diagram for network realization of K.

Corollary 18. Let A € S(A(G),Ps,Ps), B € S(A(G), Pe,Pu) and C; € S(I, Py, Py)
be state-space matrices of Pag, i.e. P2 = ss(A,Bﬁ,Cg,O) € 6(G, Py, Py,Pu). Let K €
(G, Py, Py) be an output feedback controller for P3,. Then, K € T(G, Py, Py) is a network

realizable controller of Pas.

Proof. Since, there exists a network implementable state-space realization of controller K €
T(G, Py, Py) of plant Py according to corollary 17, it follows that K is a network realizable

controller of Pys. O

B.5 Vectorization of Network Realizable Systems

Figure B.3 A pseudo-graph of 3 node system.

For the given pseudo-graph in figure B.3, a network realizable system Q(z) € T(G, Py, Py)

has the following structure
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w11(2) z_lwlg(z) 0

Q(z) = |27 'wai(2)  waa(2) 0 (B.22)

2 2w31(2) 2 twsa(z) wss(z)
wherein w;; for {i,j} € {1,2,3} are causal systems. Sparsity and delay constraints imposed
on system Q(z) by the set T(G, Py, P,) can be observed on (B.22). For simplicity, assume

all the subsystems w;; for {i,j} € {1,2,3} are SISO. One can give a vectorized (@ as follows

37]
I 0 0 0 0 0 0
0 z7'I 0 0 0 0 '11)11(2’)
0 0 2z2I 0 0 0 O0f |wa(z)
0 0 0 270 0 0 11)31(2)
vec(Q(z)) = I =S(z)W
=0 o o 0 1 0 o fwee)| =SEWE o
0 0 0 0 0 271 0] |wea(z)
0 0 0 0 0 0 0] [wsl)
0 0 0 0 0 0 0] |ws
L i
0 0 0 o o0 o I W(z)
S(2)

Therefore, we can write vec(Q(z)) equivalently as S(z)W(z), where S(z) inherits all the

sparsity and delay constraints imposed by the set T(G, Py, Py).
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APPENDIX C. NETWORK IMPLEMENTABLE STATE-SPACE
REALIZATION OF NETWORK REALIZABLE CONTROLLERS

In this chapter we first review network implementable state-space realization technique
found for stable network realizable systems, then we will show on example how to obtain

network implementable state-space realization of a given network realizable controller.

C.1 Network Implementable State-Space Realization of Stable

Networked Systems

In this section we review the method to find a network implementable state-space real-
ization of given network realizable stable system as shown in [1].

In the transfer function domain a network realizable system inherits the delay and
sparsity constraints of the given network. For instance the 6-node system given in figure,
let P be a stable system such that P(z) € T°(G, Py, Py), then its transfer function inherits

the following structure

Hyi zilng z’?’ng 271H14 272H15 0

Z_2H21 Hoo Z_3H23 Z_1H24 Z_2H25 0

From equation (C.1), we observe that when there is a path from node-j to i with length [

(limshortest-path-dength), then we have P;; = Z_ZHZ']'. In the case of there is no path from
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i to j then we have P;; = 0. Consider the minimal realization of P;; in the following cases

and define local states corresponding to a vertex as shown below.

e When i = j, define local state x;; vertex-v; such that

x“(k + 1) = Auxu(k) + B”’u,z(k)
Pii(z) : (C.2)

e When j € N7, define states z;;(k) at vertex-v;

Pl i(k+1) i (k) + Bijui(k) ©3)

vij(k) = Cixij(k)
e Let [;; be the shortest path from vertex v; to v; such that shortest path from v; to v;

: Lij lLij G : :
is v?j — vz-lj — ... = v, such that v% = vj and v;] = v; with intermediate vertices

1 lij—
vij,-' v

Uy ' In this case, we define states at each vertex on the path as follows:

oy (k+1) = Aija;(k) + Biju; (k)
2 H(2) ! " Y (C4)

yij (k) = Cijad; (k)

Note that states :E?j(k) are defined at vertex v; and outputs ygj are passed to vertex

vilj. At vertices vfj, p € {1,....,1 — 1}, we define states xfj (k) corresponding to unit

delay systems:
= i (k+1) =yt (k) )
yij (k) = 275 (k)
We denote the state vector corresponding to each vertex v; to be Z;(k), which is formed
by appending the states z;;(k), (k) Vr € N;" and ah,,(k) whenever vh,,, = v; (for p €
{0,...;l;n — 1}), i.e. when vertex v; is a vertex on the shortest path from some vertex vy,
to some other vertex v,.

A network output vector 7,;, for all r € N, is formed by appending y,;(k) and y?, (k)

whenever o5, = v; and V5 = v, (for p € {0,1, ...,y — 1}). Similarly, a network input

70

is formed by appending y;;(k) and yhn (k) whenever vh,, = v;
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and v%}l =v; (for p € {0,...,l;mn — 1}). Note that the network inputs defined at vertex v;
do not affect the outputs at the same vertex v; for any time instant k.
At vertex v;, the output y;(k) is given by
vilkh) =y + Dyt + Y v (k). (C.6)
JENT Jilij>2
Thus, we can define n sub-systems, { P, };, each with local states #;(k), local inputs u;(k),

local outputs y;(k), network inputs ¢;;(k) (for all j € N;7) and network outputs ;. (k) (for
all r € ;7).

C.2 A Network Implementable State-Space Realization of Network

Realizable Controller

In this section we will demonstrate how to obtain network implementable state-space
realization of a network realizable controller given for 6-node system given in figure 2.1 by
benefiting the network implementable state-space realization method reviewed in section
C.1.

Let V be defined as in (4.2) and Py be defined as in (3.3). We will obtain network
implementable state-space realization of network realizable controlller, K € T(G, Py, Py),
by obtaining network implementable state space realization of V(I 4+ PyV)~! as shown
in chapter 4. As it can be seen in figure 4.1, we can do realization of V(I + PyV)~!
by two blocks V and ]522 which are network implementable state-space realizations of V'
and Py. A network implementable state-space realization of Psy can be found in (4.6).
Next, we will demonstrate how to obtain network implementable state-space realization of
V € T(G?, [Pr; Pul, [Pr; Py)).-

Using definition of V, let us define its sub-blocks:

Vi Vs I+AZz7Y AZ7'B,K
V.= = (C.7)
Vi Vi KCyZ=' K(I — PyuK)™!
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For the six-node system given in figure 2.1, in z-domain each V; for ¢ = {1,...,4} has

the following form:

‘/z'll 2—1%12 Z—3v;13 Z_l‘/;14 2_2‘/;15

z—2‘/1'21 ‘/;22 z—3‘/i23 Z—l‘/i24 2—2‘/1_25

(C.8)

Z—lv;éll z—2‘/'i42 Z—2v;43 %44 z_l‘/i45

0
0
ZTlyBl p2p32 s 2y 3p3s
0
0

Z_2V,L-51 Z—3Vi52 2—1‘/;53 Z—3‘/;54 V_55

2—3‘/;61 2_4‘/;62 Z_2V63 Z_4‘/i64 2_1‘665 ‘/;66

where V;kj are casual stable systems.

Let V be a matrix such that its input and outputs are regrouped form of V' as follows:

Vi Vin Vis Vi Vis Vig)
‘741 ‘742 V43 v44 ‘745 ‘216

_‘711 ‘712 VlS ‘A/14 ‘715 ‘716_

Vi - Vs ps 0 0 (C.9)
‘/311 V;Lll ‘/'315 ‘/;115 0 0
= 2_2 ‘/151 ‘/'251 ‘/'155 ‘/255 0 0
‘/'351 V451 ‘/355 ‘/;155 00
z_3 ‘/'161 ‘/261 z_l ‘/'165 ‘/'265 ‘/166 ‘/'266
] _‘/'361 V461_ V365 ‘/;165 ‘/'366 ‘/466 |

Let Vi;(2) for {i,j} € {1,2,...,6} be the entries of V(z) as shown in (C.9). As shown
in equation (C.9), columns of V(z) includes terms, Vi;(2) and z=%Vj;(z) for some k €

A~

—kv,-j is essentially the transfer function matrix mapping u;(k) to
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yi(k). System Vi;(z) with 27!, i.e. 27'V;;(2), shows that messages of system Vij(z) goes
directly from node 7 to node j. On the other side, systems like z_kf/ij (z) for k > 1 shows
that messages of system Vij does not directly go from node ¢ to node j. For instance, we
have 2_2‘734(,2), in this case message from node 4 to node 3 goes through node 1 (see figure
2.1).

Let G;(z) for {1,2...,6} be the column matrix obtained using jth column entries of V(z)

Vir(z) ZWia(2) ZWis(2)
2 W (2) Vaa(2) 2 Wh3(2)
z_lf/ Z Z 117 Z V Z
Gi(2) = A31( ) Gal2) = A32( ) Gy = 3?( )
27 Wi (2) 27 Wia(2) 2 Wis(2)
2 Wai(2) 2" Waa(2) 2 Wss(2)
B 11761(z)_ B 11762(2)_ B 11763(2)_
27 Wi4(2) 2 Wis(2)
21 Vhy(2) 2 Whs(2)
2 Way(2) 2" Was(2) .
G4(Z) = . ,G5(Z) = R 7G6 - |:‘/66(Z):|
Via(2) 27 Wis(2)
27 Vea(2) Vss(2)
2 Wea(2)| 27 Ves(2)
Minimal state space realizations of G; for j € {1,2,...,6} can be shown as
za. (k+1 Aq. | Bg, ra. (k
Gj(z) = o+l | 4s | P, ) (C.10)
ya, (k) Cq; | Da, | | (k)

and corresponding output vectors are
T
Yo, = [yﬁ W) v vh (W8)" (ygl)T] )
T
YG, = [y% Yoo (¥92)" ()" (u2)" (982>T] ’

T
S o S SO AL
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T
Ya, = [yﬂ vhy W)T vl ()T (y84)T} ;

T
Yas = [(?J?5)T )" (%) vis vis y&} ;

Yas = [(y66)T] ' :

Moreover, for nodes 1 — 5, we can write the equality y¢; explicitly as

.
cl,
2
Cc2,
3
3
ve, = |
cl,

5
e

6
_CGj i

ra,; +

D6
|G

D,
D¢,
D},
D¢,

5
D},

uG; (C.11)

We define the yg4(k;) at node 4, and its output passes to node 1 as input of unit de-

lay system. Therefore, at node 1, we define the states x3,(k) corresponding to unit delay

systems. Similarly, other delayed systems can be defined as in the following where (v1,vs) €
{(3,2),(5,2),(6,2),(3,4),(5,4),(6,4), (4,2), (5,1),(6,1),(1,5), (3,5),(2,1), (2,5), (1,3),
(2,3),(4,3),(6,3)}, (vs3,v4) € {(3,5), (5,2),(6,2),(5,4),(6,4),(1,3),(2,3),(6,1),(6,3)}, and

(U57 UG) € {(6a 2)7 (6a 4)}

N gy 0y (K +1)
Yoy vz ()

RN 3312)371}4(]6 +1)
Yo a (k)

N 3y s (K +1)
| Yon(F)

01 x},lm(k)
L 0] [#),0,(R)
011 |z ® (C.12)
L O] | ¥g,00 (R |
01 x%&%(k)
1| 0] {206 (R)
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By regarding the information flow in the network, state vectors corresponding to each

node can be given as in the followings

[t — — —~ — —~ — —~
/LIN\ = ~= = = = = ~
~— ~— ~— ~— ~— ~— ~—
1o o el o —~ N 22 <
O - = —~4F o Mo —H© mo
. 8 8 8 8 8 8 8 m_
I
—
~
~—
10
8
b~ — — — — — \I/_
Wm\ = ~ ~ ~ ~ =
~— ~— ~— ~— ~— ~—
¥ ae} 0 0 — ae) 0
U O e D A AN — A
I L
Il
—
=2
~—
~
8
_ [ ~—~ — ~—~ — — )_
- = =2 =2 = =2 =
~ ~— ~— ~— ~— ~— ~—
bl — — N [\ < =
O —io —~0o i o i O
.8 8 8 8 8 8 w_
I
—
=
~—
og]
8
[ — — — — — — — —
S I I I O O S
~— ~— ~— ~ ~— ~— ~— ~—
- [ N N < <t <t o] N
O —=» —Hio O —HM» A0 Ao N
) 8 8 8 8 8 8 8 8

zZ1(k) =

xae (k).

(F)

xa, (k) and g
We denote outgoing messages from node-i to node

2(k)

Outgoing messages can be

—j as 77]11

given as

— — — ~— — —~ —
= = = = = ~ =
N~— N~— N~— ~— N~— ~— N~—
Al S A8 0P oB od I
) SN ) SN IS B =
I
—
=
N~—
<t
—
<
— — — —~ — —~~ — — — — —~~
=2 = =2 e =2 =2 S =2 = =2 e
N~— N~— N~— N~— N~— S~—r N~— N~— S~— N~— SN~—
— — N N <t < 3ol e] lar] ) 32]
o O A O A o O+ o OoO<f (=i} 0
= =N = = =N =N S ) = 5 =
I
—
~e
N~—
3]
10
<
_) ~— — ~— ~— — — — ~— )_
= = ~ ~ = ~ = = = =
N— ~— N— ~— N~— N— N~— N— N~— N—
N N N < <t <t il — — —
—en —0 — O —on —0 O [a\ (25 [ap) (] Yol QO
) ) SN = ) = ) SN ) =N Uu_
|
—
=
N—
—
N
<
— — — — —
~ ~2 = S =2
N~—r N~— N~— N~— N~—
[\ N N N [a\]
om Qo Qv O —
= 5 = S SN
I
—
=2
N~—
[a\]
—
<

S
S}
(&)
o
o
®
c
)
E
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y%s(k’) ) )
_ - La(k 21 (k
y%l(k) 1 yi3( ) 1/21( )
> (k) Yia (k) Yas(k) Y2 ()
sy = [ (0) = i) | s () = [ g0500) | i) = |y ()

Y25 (k) 0 0 3
Y21 (k) Y5(k) You ()

y2u(k) |
s (k) [y (k)
(k)

Furthermore, outputs at each node can be given as

G1(k) = yu (k) + y12(k) + yis(k) + yia(k) + yis(k),
G2(k) = ya1 (k) + yaa (k) + y35(k) + yoa(k) + yos (k),
73 (k) = ys1(k) + s (k) + yss (k) + y3a (k) + 35 (k), ©13)
Ga(k) = yar (k) + yio(k) + yis(k) + yaa(k) + yas(k),
Js(k) = y31 (k) + ya(k) + ysa (k) + 34 (k) + yss (k)
J6(k) = yg1 (k) + yga (k) + yss (k) + g4 (k) + yos (k) + yeo ().
Since the network G is noiseless and has zero delay, the incoming message vectors at each

vertex are given by

Ca1(k) = 7iz1(k), Car(k) =iur(k), Css(k) = fiss(k), Cra(k) = ina(k),
Coa(k) = iioa(k), Cas(k) = fus(k), Cos(k) = 7les (k).

(C.14)

Using equations (C.10), (C.11), (C.12), (C.13) and (C.14) the dynamics at each vertex

can be defined as a sub-system V; for i = {1,...,6}. Subsystems Vi, Vo, Vs, Vi and Vs can

be given as

www.manharaa.com




117

Ag, 00000000|Bg, (000000000000
0 00000000 0 [IOODOODOOOOOGODO
0 00000000 0 [0I0D00000O0O0GODO
0 00000000 0 [00I00D0O00O0O0GODO
0 00000000 0 [000D0000O0TIO0GODO
0 00000000 0 [00000000O0TI00O
0 00000000 0 [00000000O0O0TIO0
0 00000000 0 [0000000IO0O0GODO
0 00000000 0 [000IO0D0O00O0O0GODO
et D) C&, 00000000|[D5 {00007 17100001 1)
—_— 0 10000000 0 [00000000O0O0GOO
71 (k) a1 (k)
—————| =] 0 0I000000] 0 [0D00D0000O00O0O0OO| |
731 (k) C12(k)
0 00I0000O0f 0 [00000000O0O0OO|]|.
741 (k) C1a(k)
0 000I0D00O0f 0 [00000000OO0GODO
0 0000I00O0f 0 [00000000O0O0GODO
0 00000700 0O [000D00000OO0GODO
0 00000070 0 [00000000O00GOO
€& 00000000/ 0 (000000000000
C%, 00000000/ 0 (000000000000
€&, 00000000/ 0 (000000000000
0 0000000I| 0 [00000000O0O0GODO
C& 00000000/ 0 (000000000000
[C%, 00000000/ 0 [0000000000O0 0]
(C.15)
A, | Be, |0 0 0 0
C: D% |1 I 11
Zo(k+1) Cé, | 0 |0 0 0 0f |22k
Go(k) | = |CE& | O |0 0 0 0f |ax(k) (C.16)
o (k) cé | 0 [0 0 0 0] |Culk)
ct | 0 |00 00
C4, | 0 |0 0 0 0
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AG30000003G30000000000_

0 000O0O0DGO| 0/00DO00O0OO0OGOTIO

0 00O0O0OGO| 01]00O0O0ODO0O0GO0O0O0O [

0 000O0O0DO| 0|02 O0O0O0TO0OO0O 0O

0 000O0O0GO| 0001 0O0GO0OTO0T 0O

0 000O0O0DGO| 0/0000TIO0O0OTO0TO 0O

0O 000DO0O0DGO| 0/00DO00O0OTITOTOTO0O

C 00000 O0[D}|I 00T 00TITIO00

0 I 0000O0[01]000O0O0GO0O0O0O0 0f]ask)

0 01 0O0O0GO0| 01]0000O0TO0TO0O0 0 0f] ask)

0 001 000 01]00000GO0TO0GO0 0 O0f|[Ca(k)

0 000 00/ 01/0000O0OTO0OTOO0O

0 000O0OTIO 0 /00O00O0OTO0OTOTO0O

0 000O0O0TI| 0/00O00O0OTOOTOTO0O

CL, 000000 0]000O0O0O0O0O0O0O

C% 0 0000 0] 0|000O0O0O0O0O0O0O

C&t 000 00 0 0[ 0[000O00O0O0O0O0O

cé, 000000 0[000O0O0O0O0O0O0O

Cs 0 00000 0]000O0O0O0O0O0O0O
(C.17)
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a(k)

nia(k)
724 (k)

119

sl
2

o o o o o o

S
Q-

3
CG4

5
CG4

6
e,

1
OG 4

2
CGa

o O O o o o o o o O NM|ojlo o o o o o o<©

o O O O o o o o O N ool o o o o o o©<©

o O O o o o O O N o ool o o o o o o<©

SO O O N O O OO o o o o |lo|jloo o o o o o o<©

SO O N O O O O o o o o |lo|jloo o o o o o o<©

SO N O O O O O o o o o |lo|jlo o o o o o o<

o O O o o o o o o o o

o O o o o o o o o o O9l~N|loo o o o o o o<©

o O o o o o o o o o OoO9l~N|loo o o o o o o<©

o O O o o o o o o o ol ©O N o o o o<©

o O o o o o o o o o o |lo|loo o o o o N o©

o O O o o o o o o o ol 9 N o o o o o<©

o O O O O O o O o o ool o o o o o o<

o O O O o o o o o O o |lo|oo o o O ~N o o

o O o o o o o o o o ol |~N o o o o o o©<©

o O O o o o o o o o Ol~N|]oO O O M o o o<©

o o o o o o o o o o O9O9l~N|]oo o o o o o o©<©

(C.18)
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[AG, 0000000[Bg,[000000000O0O]
0 0000000/ 0 [000DO0DO0DO0IO0O0O0O
0 0000000 0 [0000D0D0D0TIO00O0O
0 0000000 0 [0000D0D000TIO0O
0 0000000 O [0I00D0D00000O0O
0 0000000/ O [000O0IO0ODO0DO0000O0O
0 0000000/ O [0000D0D0000TIO
0 0000000/ 0 [000D0O0IO0O0O0O0O
3 C%. 0000000(DL_ [IOIO0IO00O0O00O0I
Zs(k+ 1) 2 2
—_— 0 I 000000 0 [0000D000O0O0O0O]||2Zs5(k)
ELIONN 0 0I00D00O0| 0 [000D00O0O00O0O0OO]| |as(k)
745 (k) .
) 0 00I0000[/ 0 [000000000O0OO]| |[C53(k)
o5 (k) C&, 0000000/ 0 [00000000000
C% 0000000/ 0 00000000000
¢, 0000000/ 0 [00000000000O
C&, 0000000/ 0 [00000000000
0 000I0D0O0 0 [000000000O0O0O
0 0000IO0O0 0 [0000000O00O0O0O
0 00000I0 0 [000D0D0D0D0000O0O
0 000000I| 0 [000D0D0D00000O0O
|[C&, 0000000 0 (0000000000 O]
(C.19)
Finally, sub-system Vj can be given as
ie(k +1) Agy | Ba, [0 0 0 0 0 Tot®)
= ug (k) (C.20)
Jo(k) Coy | Doy |[I 1 I I I||=
Cos (k)

The subsystems V; i € {1,...,6} given by (C.15), (C.16), (C.17), (C.18), (C.19) and
(C.20) interacting over the interconnection (C.14) describes the networked system V cor-
responding to V(z). Combining equations in (C.14), (C.15), (C.16), (C.17), (C.18), (C.19)

and. (C.20), one can.obtain state space representation of VasV = ss(Ay, By, Cy, Dyy) €
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6(G,P,,Py) such that A, € S(AG),Pry,Psy), By € S, Py, Puy),
Cy € S(A(9), Pyy» Peyy) and Dy, € S(I, Py, Py, ) where Py = (3,3,3,3,3,3), Py, =
(3,3,3,3,3,3) and Py, = (n1,n2,n3,n4,n5,n6) Wherein n; is length of &; for i € {1,...,6}.

Since V is obtained from V by regrouping the inputs and outputs, one can obtain back
network implementable state-space realization of V from v by re-grouping its inputs and
outputs channels. So, we can obtain network implementable state-space realization of V'
as V = ss(Ay, By,Cy, Dy) € &(G, Py, P,) such that Ay = Ay, By is obtained from By,
by a proper row exchanges, Cy is obtained from Cf, by a proper column exchanges, and
Dy is obtained from Dy, by a proper row and column exchanges (proper row and column
exchanges are referred to row and column exchanges transforms V back to V), so we have
tf(V) = V(2).

Using network implementable state space realizations V = ss(Ay, By, Cy, Dy) and
Py = ss(Ap,,, Bp,,,Cp,,s Dp,,) (1-;’22 can be find as in (4.6)) we obtain network imple-

mentable state space realization of K = blkdiag(/, K) using block diagram 4.1 and its

state-space matrices can be given as

(C.21)
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_ _|10
Using K, we can obtain K as K = [0 Inu] K . Therefore, using (C.21), network
I,

implementable state-space realization of K can be given as

Ag | Bk
K =
Ck | Dk
AI_’22 - BP22 DVCPzz Bp22 Cv
Ag = ,
—BVCp22 Ay
[ (C.22)
BK = BP22DV O 5
By I,

Ck = |0 Inu:| [—Dvcp22 Cv}y
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